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I. Introduction

Defects of the radiation wavefront in a multimode fiber are
usually associated with a distortion of the field structure.
Thus, it can be concluded that such effects hinder the use of
multimode fibers in optical communication lines and sen-
sors. However, a thorough study of the nature of wave defi-
ciency makes us take a new look on the problem of data
transmission through a multimode optical fiber, where waves
with wavefront defects play the main role.

Defects of a scalar wave field structure were explicitly
studied in [1] by J. Nay and M. Berry. They classify such
defects by dividing them into purely screw, purely edge and
mixed screw-edge dislocations of the wavefront. This clas-
sification is based on the fact that the real and imaginary
parts of the field strength should be simultaneously equal to
zero

Re[e(x, y, z)] = 0,    Im[e(x, y, z)] = 0.          (1)

The problem of light beams in the free space deals mainly
with the issues of generation of wavefront dislocations in-
side laser resonators [2], on phase optical holograms [3, 4]
or on an astigmatic mode converter [5]. Sometimes a light
field with a purely screw dislocation is called an optical
vortex [2].

Wavefront dislocations in a multimode fiber field were
first described in [6], and a correlation was found to exist
between the average number of dislocations and the number
of fiber eigenmodes. Purely screw dislocations are experi-
mentally observed in the form of «forks» in the interference
pattern. Changes of external conditions result in a move-
ment, birth, and death of random dislocations in the optical
fiber [7, 8].

Studies of the properties of single optical vortices in
optical fibers have been started quite recently due to devel-
opment of low mode fiber applications, techniques of selec-
tive excitation [9] and radiation field isolation from a fiber
[10, 11]. There is certain difference between optical vorti-
ces in a fiber and in the free space. First of all, it applies to
the relation between the light wave polarization σ

z
 and its

topological charge l. The helicity σ
z
 characterizes the direc-

tion of vector rotation of the electric (magnetic) field of a
light beam (σ

z 
= +1 is right and σ

z 
= –1 is left circular polari-

zation).
For a paraxial Gaussian beam in the free space, it is pos-

sible to change the values and signs of the topological charge
l and helicity σ

z
 independently [11].

Amazing properties of optical vortices in the free space
were presented in [12, 13]. It was shown that an optical vor-
tex transmits the angular momentum which can be calcu-
lated as

M r P= ×∫
1
2c

dS
S

,          (2)

where r  is the radius-vector, P is the Pointing vector, S is the
area of beam’s cross section. When passing through the mode
converter, the angular momentum M  is able to change its
value and sign [14].

Moreover, the remarkable experiments recently reported
in [15] have shown that an optical vortex can trap and screw
microscopic particles. Change of the polarization σ

z
 of a

Gaussian beam may change the state of these particles [15].
Contrary to optical vortices in the free space, guided vorti-
ces in an optical fiber are rigidly defined by the pair of num-
bers: the topological charge l and helicity σ

z
. Values of l and
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σ
z
 cannot be changed independently from one another. In

addition, the requirement for an optical vortex to be stable
is determined by the selection rule l + σ

z 
≠ 0 [18].

Thus, a question arises about the possibility to use fields
in optical fibers for practical purposes. In an optical fiber, a
set of spatially distributed optical vortices may exist simul-
taneously. Furthemore, by means of an optical fiber a light
vortex can be placed in locations where it would be impos-
sible to use conventional optical devices.

The objective of this paper is to study the properties of
optical vortices and their angular momenta in the field of a
multimode optical fiber.

In the second section we, consider eigenfields of an axi-
ally symmetric low-mode fiber presented in a circularly po-
larized basis. The angular momentum flow, the continuity
equation for the angular momentum flow, and correlation
with that in the free space are analyzed in the third, fourth
and fifth sections of this paper.

2. Guided vortices in an optical fiber

Consider the peculiarities of the propagation of circularly
polarized waves in a locally isotropic axially symmetrical
medium of a multimode optical fiber with the refractive in-
dex:

n
2
(R) = n

co

2
(1 – 2∆f(R)),          (3)

where n
co
 is the refractive index along the fiber axis for R =

= 0, R = ρ/ρ
0
, ρ is the radial coordinate, ρ

0
 is the core radius,

∆ = −







n n

n
co cl

co

2 2

22 , n
cl
 is the refractive index of clad, f(R) is

the function of the refractive index profile.
The stationary vector wave equation for the electric field

strength in an inhomogeneous medium can be written in fol-
lowing form:

{ } { }∇ + − = −∇ ⋅ ∇t t tk n n2 2 2 2 2β e et t ln ,          (4)

where k is the wave number in vacuum, β is the propagation
constant.

For weak guiding fibers with a low energy loss n is a real
value and n

co 
≈ n

cl
, then the profile parameter ∆ can be writ-

ten as
∆ ≈ (n

co 
– n

cl
)/n

co
.          (5)

In this case, we can neglect the term in the right side of
equation (4) [16] and rewrite the wave equation in the form

{ }∇ + − =t k n2 2 2 2 0~ ~β et ,          (6)

where ~β  is the propagation constant in scalar approxima-

tion, te
~  is the electric field in this approximation,

∇ ≡ +t
x y

2
2

2

2

2

∂
∂

∂
∂ .

If the field distortion e in a weak guiding fiber in the
limit ∆ → 0 in equation (4) is assumed to be small, then
e ≈ ~e , and the propagation constant β =~β + δβ, where δβ is

the polarization correction. From equations (4) and (6) it is
possible to obtain

( ) ( ){ }δβ
ρ

ρ ρ θ θ
θ θ

~ ~ ~ / ~= ∇ ⋅∫ ⋅ ∇ ⋅∫
∞ ∞

2

2

3
2

0
0 0

2
∆
V

f d dt t te e et t ,     (7)

where θ∞  is the cross section area.
The solution of equation (6) can be obtained in the form:

{ } ( ) { }e e= ±±
$ exp exp ~il F R i zlϕ β ,          (8)

where $e±  is the unit vector of the right (+) or left (–) circu-
lar polarization, ϕ is the azimuth coordinate, l is the azimuth
index (l = 0, 1, 2, ...). The radial function F

l
(R) is obtained

from equation [16]

( )d

dR R

d

dR

l

R
U V f F R

2

2

2

2
2 21

0+ − + −








=~
,          (9)

where ~U is the waveguide mode parameter in the fiber core,
determined from the boundary conditions.

Taking into account in (8) particular solutions of equa-
tions (7), its can be shown that there are three groups of
eigenmodes [17]:
1) Circularly polarized homogeneous optical CV vortices
for l = 1, 2, 3... (“CV” is for circular vortex [9])

( ) { }
( ) ( ){ }

( ) { }

( ) ( ){ }

{ }

e e

h e

t = ±

= ± +

= − ±

= ± +





























×

±

−

±

−

$ exp

exp

$ exp

exp

exp

F R il

e i
V

G R i l

i n F R il

h n
V

G R i l

i z

l

z l

t co l

z co l

ϕ

ϕ

ε
µ ϕ

ε
µ ϕ

β

2
1

2
1

0

0

0

0

1

∆

∆

(10)

2) Circularly polarized unhomogeneous optical CV vorti-
ces (l > 1)

( ) { }
( ) ( ){ }

( ) { }

( ) ( ){ }

{ }

e e

h e

t = ±

= ± −

= − ±

= ± −





























×

+

+

$ exp

exp

$ exp

exp

exp

m

m

F R il

e i
V

G R i l

i n F R il

h n
V

G R i l

i z

l

z l

t co l

z co l

ϕ

ϕ

ε
µ ϕ

ε
µ ϕ

β

2
1

2
1

0

0

0

0

2

∆

∆

(11)

3) Linearly polarized azimuth-symmetrical fields (l = 1)

TM
0m

:

( ) ( )

( )

( ) ( )
( )

e x y

x y

t = +

=

= − −

=

























×
+

$ cos $ sin

$ sin $ cos

exp

ϕ ϕ

ε
µ ϕ ϕ

β

F R

e i
V

G R

h n F R

h

i z
z

t co

z

1

1

0

0
1

3

2

0

∆

(12)
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TE
0
: 

( ) ( )

( ) ( )

( )

( )

e x y

x y

t = −
=

= +

=



























×

+

$ sin $ cos

$ cos $ sin exp

ϕ ϕ

ε
µ ϕ ϕ

ε
µ

β

F R

e

h n F R

h in
V

G R

i z

z

t co

z co

1

0

0
1

0

0
1

4

0

2∆
 (13)

where V nco= 2
2

π
λ

ρ ∆  is the waveguide fiber parameter,

( ) ( ) ( )
G R

dF R

dR

F R

R
1

1 1κ κ= + , β
i
 are the propagation con-

stants of eigenmodes obtained from the dispersion equation
[16], κ = ±1 is the spin-orbital interaction index. In scalar
approximation, δβ

i 
= 0, and β

i
 of all eigen modes for a given

index l are degenerated with respect to the propagation con-
stant ~β .

The expressions (10)–(13) form an orthogonal set of
functions, describing fields of guided modes on the lengths
of the so-called stated regime, when the fields of radiated
and tunnelling modes are negligibly small [16].

Expression (10) for l = 0 describes the field of the fun-
damental circularly polarized HE

11
 mode [1]:

( )

( ) { }
( )

( ) { }

{ }

e e

h e

t =

= ±

= −

= ±





























×

±

±

$

exp

$

exp

exp

F R

e i
V

G R i

i n F R

h n
V

G R i

i z

z

t co

z co

0

0

0

0
0

0

0
0

0

2

2

∆

∆

ϕ

ε
µ

ε
µ ϕ

β
        (14)

Let us analyse the wavefront structure of fiber
eigenmodes and compare it with the wavefront structure in
a void. In the expression (10), the transversal electric field
component e

t
 of a homogeneous CV vortex has a circular

polarization and is characterised by the profile function
F

l
(R). For axially symmetrical fibers, the value F

l
(R) turns

into zero at the fiber axis (R = 0), and far away from the axis
(R → ∝). For instance, for a fiber with a parabolic index,
the value of  F

l
(R) is F

l
(R) = R|l|L

m
(l)(R)exp(–1/2VR2) (V is

the waveguide parameter). It is shown in Fig. 1. Therefore,
in a homogeneous CV vortex field, the factor R|l|exp(ilϕ)
may be selected. However, the envelope of the optical vor-
tex wavefront in a void has a parabolic form
(Fig. 2, a), while the envelope of the transversal component
of a circular vortex has a quasiplanar form (Fig. 2, b). This
points to the fact that the transversal CV vortex field (10)
has a purely screw dislocation with a topological charge l.

The longitudinal e
z
 component of a CV vortex turns into

zero at the fiber axis (Fig.1) G
l
-(R = 0) = 0. However, its

topological charge equals to l + 1.
The transversal component of the unhomogeneous CV

vortex (|l| > 1) in expression (11) is also circularly polarized
and has a purely screw wavefront dislocation with index l.
The longitudinal components of this vortex turns into zero
at the axis z (G

l
+(R = 0) = 0, l ≠ 0, 1), but its topological

charge equals to l – 1.

The transversal components of the TM
0m

 and TE
0m

modess (l = 1) have azimuth-symmetrical distribution of the
electric e

t
 and magnetic h

t
 fields (see (12), (13)).

At the fiber axis, these fields turn into zero. In accord-
ance with the polarization singularities [19] we conclude
that these fields have purely screw declinations of polariza-
tion.

It should be noted that the electric (magnetic) field of a
Gaussian beam in a void has also a longitudinal e

z
 (or h

z
)

component. For instance, the e
z
 component of the electric

field may be represented in the following form:

{ }e
e

i
e

iz
x x= +









σ
ωε

∂
∂ρ

σ ∂
∂ϕ

σϕ
0

exp    (14, a)

(paraxial approximation).
Excitation of optical fibers is performed in such a way

that the entrance of a fiber is placed in the region of the
Gaussian beam necking, and the fiber axis and the beam
axis coincide. The curvature radius of the wavefront beam
in the necking is R → ∝, and the transversal component of
the CV field also has the curvature radius R → ∝.

The identical structure of the optical vortices in a void
and the guided CV vortices in a fiber permit the laser fields
and the eigen fiber fields to be aligned with a high precision
(fig. 2).

The transversal fields of the HE
11

 mode e
t
 and h

t
 do not

have phase singularities. If the longitudinal e
z
 and h

z
 field

components are assumed to be a transversal wave propagat-
ing along the azimuth coordinate ϕ, then this field has a
purely screw dislocation of the wave front with the topo-
logical charge l = 1 at R = 0. It is evident from the fact that
all smooth values of the refractive index profiles n(R) for
the function G

0
(R = 0) are equal to zero on the fiber axis.

Fig. 1. The field strength profile function F
l
(R).

F0(R)

F1(R)

F

1 2 R
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Homogeneous and unhomogeneous vortices have dif-
ferent propagation constants β

1
 and β

2
. Their fields should

belong to different topological sets. Inside every set, the fields
are transformed into each other with a simultaneous change
l → –l, σ

z 
→ –σ

z
. Inside a set, CV vortices have similar

propagation constants β.
While exciting a fiber by a circularly polarized light,

fields at the input fiber end are matched according to the
following boundary conditions:
e

t1 
= e

t2
and h

n1 
= h

n2
 .                   (15)

These conditions permit to match smoothly the free space
optical vortices and guided fiber vortices. The fields corre-
sponding to conditions (15) will be those of homogeneous
and inhomogeneous CV vortices represented by (10) and
(11). However, for optical fields in the free space with
l = +1 and σ

z 
= –1 or l = –1 and σ

z 
= +1, this matching is not

valid. It is clear that the superposition of fields (12) and
(13) satisfies the condition (15) for z = 0 which schematically
could be presented as:

IV
-

+

1 
⇒ TM + iTE ,       (16)

IV
+

-

1 
⇒ TM - iTE .       (17)

For z = 0, fields (16) and (17) are homogeneously circu-
larly polarized in a cross section, and have a purely screw
dislocation of the wave front of the transversal field with
|l| =1. Since the propagation constant of TE and TM modes
is β

2 
≠ β

4,
 then, as it follows from expressions (12), (13),

(16), (17),  such mode combinations are accompanied with
beatings between the fields of partial vortices:

( ) { }$ expe+ −F R i1 ϕ  and ( ) { }$ expe− +F R i1 ϕ . The
superposition of the fields (16) and (17) is called [18, 20]
unstable inhomogeneous IV vortices (“IV” means “instabil-
ity vortex”). The topological charge and helicity σ

z
 in an IV

vortex are indefinite. However, in some cross sections of
the fiber the conversion of states | σ

z
, l > : | + 1, –1 > ↔ |–1,

+1 > takes place. IV vortices are not eigenmodes of the op-
tical fiber.

3. Angular momentum flux of optical vortex
fields

We shall study the ability of an optical fiber to transport the
angular momentum when we generate an optical field of the
optical vortex type in it. To study whether radiation can trans-
port the angular momentum, one has to use the tensor of the
angular momentum flux density [21].

As shown in [11, 12, 22–24], in optical fields with axial
symmetry vortices may possess their own angular momen-
tum.

The vector K  of the total angular momentum flux through
a surface S is given by the expression:

K dSi ki k
S

= ∫∫ Π  ,        (18)

where Πki  is the tensor of the angular momentum flux den-
sity:

Πki imn m nkr T= ε .        (19)

Here ε imn  is an absolutely asymmetric tensor, Tnk  is the
Maxwell tension tensor

T E D H B E D H Bnk n k n k nk= + − ⋅ + ⋅1

2
δ ( )

r r r r
.        (20)

If S is an arbitrary cross-section of the fiber, the flux
vector is given by the formula:

K dSi i
S

= ∫∫ Π3 3 ,

where dS
3 
= dxdy. To obtain the time-averaged value of K ,

one can use the following method of averaging the products
of monochromatic fields:

< >=AB AB
1

2
Re *,        (21)

where < > means time-averaging.
The structure of homogeneous vortices may be presented

through the  expressions (10).
Direct calculations show that < >Π32  and < >Π31  are

proportional to sinϕ  and cosϕ  respectively, therefore
after integrating by ϕ  their contributions to <K> disap-
pear. For < >Π33  we have

< >= +−Π ∆
33 0

3
0

22
mρ ε µ εRF R G R

V
nl l co( ) ( ) ( ) ,         (22)

where e and m are constants of the material on the fiber
axis.

Fig. 2. Wave surface matching of a CV vortex in a void (a) and
fiber (b) at the moment of excitation.

a

b
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To obtain a physically meaningful result, we have to di-
vide the total angular momentum flux through a cross-sec-
tion < >Π33  by the total energy flux through the same
cross-section <P

3
>. The density of the energy flux is given

by the z-component of the Pointing vector P = E ×     H. In
our case, for < >P3  we have:

( )< >=P a n F Rt co l3
2 0

0

22
ε
µ ,       (23)

where a
t
 is the magnitude of the transversal electric field.

Since F
l
(R) rapidly vanishes when R→ ∞  and is finite

at R = 0, we have an evident relation:

R F R G R dR l RF R dRl l l
2 2

00
1( ) ( ) ( ) ( )m = − ± ∫∫

∞∞

.       (24)

Using this relation and the fact that for optical fibers
µ =1, we finally obtain the result:

t = 
< >
< >

≈ ± +K

N

l3

3

1

ω ,       (25)

where ω  is the radiation frequency and

< >= < >∫∫N P dS
S

3 3 3 .

The structure of unhomogeneous vortices may be pre-
sented by expressions (11).

Since the result of calculations is similar to those de-
scribed above, we finally obtain:

t = 
< >
< >

≈ ± −K

N

l3

3

1

ω .       (26)

The result is valid for l >1 .
The structure of IV vortices (l = 1) has the form (12),

(13), (16), (17).
These vortices consist of two TM and TE modes with

different propagation constants β : βTM  and βTE , respec-
tively. Therefore, the field of the vortices is subjected to a
mode dispersion and in this way they are unstable and their
angular momenta are zero (see (26)).

From the expressions (14), (18)–(20) it follows that the
HE

11
 mode field transports the angular momentum, and its

value is:

t = 
< >
< >

≈ ±K

N
3

3

1

ω , (k = ±1 ).       (27)

In the general case, for all kinds of vortices we have

τ κ σ
ω

σ
l

l= +
,       (28)

where k is a so-called spin-orbital interaction index [25].
This expression coincides with the expression presented in
[11] where the only difference is k = lσ

z
 coefficient.

4. Ray surface of Gaussian beams
and CV vortices

The field structure of optical vortices in a void is convenient
to represent in a form of lines based on the Pointing vector
P = e×h [12]. However, the vector P satisfies the continuity
equation:

∇
.
P + ∂W/∂t = 0,       (29)

where W(x, y, z) is the energy density.
The energy flow P is determined up to a vector ∇×A.
A vivid presentation of the energy flow P in an optical

vortex and the actual physical picture of the field may be
adjusted with each other by means of the Erenfest theorem
[26]. If a ray set is characterised by a Pointing vector P, then
the possibility to find a ray of light at a given point of space,
according to the Erenfest theorem, is a module square of the
normalised wavefront function |ψ|2~|e|2. (In particular, this
theorem is strictly observed in a void, in homogeneous and
parabolic media). Therefore, from the whole set of vector P
ray lines only those are selected that are located at the dis-
tance r = r

max
 from the axis z and satisfy the condition

|e|2 = |e
max

|2. We call the set of these lines a ray surface.
Let us represent the electric (magnetic) field in the form:

( ) ( ) ( ){ }e ex y z x y z ik x y z, , ~ , , exp , ,= ℑ0 ,       (30)

where k
0 
= 2π/l

0
, e(x, y, z) è ℑ(x, y, z) are slowly changing

functions. Then, from the Maxwell equation we find

( ) ( )[ ]P e e e e e e e e e* * *= ∇ℑ+ ∇ − ∇ + ×∇× − ×∇×








1

4 2
0

0

2ε
µ

~ ~ ~ ~ ~*i

k

      (31)

The equation ℑ(x, y, z) = const characterises the shape
of the wavefront, therefore ∇ ℑ(x, y, z) presents a set of
normals to the wavefront. If we denote the magnitude of the
optical vortex as ψ [4], then the Pointing vector components
may be written in the form:

P
r 
= –ωε

0
|ψ|

2
∂(argψ)/∂r ,

P
j 
= –ωε

0
/r|ψ|

2
∂(argψ)/∂ϕ + ωε

0
σ∂|ψ|

2
/∂r,        (32)

P
z 
= –ωε

0
|ψ|

2∂(argψ)/∂z + ωkε
0
|ψ|

2
.

It is obvious that the magnitude argument function y char-
acterises the wavefront surface: arg(ψ) = ℑ in expression
(30). Then, comparing (32) with (31), we find that a devia-
tion of the vector P from the direction normal to the
wavefront is basically determined by the second term in ex-
pression (32) for the Pϕ component. For a linearly polarised
light (σ = 0), the vector P is perpendicular to the wavefront
surface ℑ. The vector P experiences the maximum devia-
tion from the normal for a circularly polarised light
(σ = ±1).

Nevertheless, from expression (32) and equation
dϕ/Pϕ 

= dz/(rP
z
) we have

ϕ = tan
-1
z/z

R
,        (33)
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(z
R
 is the Rayleigh length). It means that the azimuth evolu-

tion of the angle ϕ is determined by Gouy phase and does
not depend on the topological charge l and helicity σ. A
similar expression was obtained in the paper [27] for a lin-
early polarised Gaussian beam.

Fig. 3 shows the ray surface for optical vortices, build-
ing up at the radius ( ) ( )r l w zb

max /= 2  (w(z) is the halfwidth
of the beam), at which the magnitude ϕ is maximum. From
this picture, it is seen that the generatrices of the ray surface
are straight rays which do not cross axis z. To construct the
ray surfaces of homogeneous and inhomogeneous CV vor-
tices in a multimode fiber, the Pointing vector components
are found from expressions (10) and (11) in the following
form:

P
r 
= 0; P

ϕ 
= KG

l

-k
F

l
(R);    P K

V
F Rz l= 





2∆ ,       (34)

where k = +1 for a homogeneous and k = –1 for an inhomo-

geneous vortex, ( ) ( ) ( )K a c n Vco= 1
2 2

0 0

1
2

2 2/ / /ε µ ∆ ,

a
1
 is the electric field amplitude.

The ray surface of a homogeneous CV vortex is pre-
sented by fig. 3(a) where l.σ > 0. The ray surface presents a
set of helices wound on a circular cylinder. The radius of
this cylinder ( )r

f

max
 is equal to the radius of the Gaussian beam

( )r
b

max
.

An inhomogeneous CV vortex, for which values l and s
have opposite signs, has a more complicated shape of the
ray surface (fig. 3(b)). The ray surface splits into two cylin-
ders. The generatrix helices of these cylinders have oppo-

site signs of twisting. For an essentially multimodal fiber
(V → ∝), the radius of the inner cylinder R

in 
→ 0, the ray

surface is degenerated into a single cylinder with helical ray-
lines. For an unstable IV vortex, the ray surface is degener-
ated into a cylinder with straight ray lines. It follows that the
angular momentum of an IV vortex is equal to zero (M

IV 
=

= 0).
This behaviour of the ray surface of inhomogeneous CV

vortices is associated with the contribution of the spin and
orbital angular momentum to the total angular momentum:
the difference of signs for l and s results in a decrease of the
total angular momentum.

The screw character of the generatrix lines of a CV vor-
tex ray surface is caused by the effect of the refractive index
inhomogeneity Ñ(lnn2) curving the energy flow lines of vec-
tor P.

Matching the Gaussian beam ray surfaces and a CV vor-
tex at the moment of fiber excitation assumes the equality of
the radii of the Gaussian beam ray surface at z = 0 and the
CV vortex ray surface (( )r

f

max
 = ( )r

b

max
).

In general, the process of the propagation of a CV vor-
tex along an optical fiber may be schematically represented
in the form of two energy flows (fig. 4).

The first circularly polarised light flow P
z
 is directed

along the fiber axis z. The second linearly polarised flow Pϕ
circulates in the direction $eϕ , which is orthogonal to the
fiber axis.

The presence of the azimuth flow Pϕ is associated with
the appearance of a «surface» wave which propagates per-
pendicularly to the direction of the main flow (see, for ex-
ample [28–30]).

a) b)

Fig. 3. Ray-surface matching of homogeneous (a) and inhomogeneous (b) CV vortices at the moment of fiber excitation.
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5. Continuity equation

There are two problems in the study of the angular momen-
tum of radiation. The first one is concerned with a question
whether radiation itself may accumulate an angular momen-
tum. To answer it, one has to integrate the density of the
orbital angular momentum given by the expression (19) over
the volume Ω. For monochromatic fields in axially sym-
metrical fibers, the time-averaged density M  does not de-
pend on z and the averaged density of energy. Therefore

L
M M

E

d

E

dS

E a
S=

∫
=

∫∫Ω
Ω ,       (35)

where L  is the total angular momentum of radiation, E is
the radiation energy, α is the distance between two cross-
sections bounding the volume Ω. The nominator in (35) has
the meaning of the linear density of energy, while the nu-
merator acquires the form of a flux. However, though it is
the flux of the vector of the angular momentum density, it is
not the flux of the angular momentum in an arbitrary situa-
tion. This delusive similarity may lead to some mistakes
since the true angular momentum flux is given by the ex-
pression (18). Moreover, for situations when |M | depends
on z, the last equality in (35) does not take place, and the

flux MdS
S
∫∫  has no physical sense.

The second problem arises when we study the ability of
radiation to transport the angular momentum. In this case,
one has to use the formalism based on the continuity equa-
tion and related concepts. This is the problem we study in
this paper. Let us demonstrate that our main result is in good
agreement with some predictions of the general theory.

The continuity equation for the angular momentum in
inhomogeneous media has the following form:

( )∂
∂

∂Π
∂

M

t x
Ei ik

k
i

+ = × ∇ε1

2
2r ,       (36)

where ε is the dielectric permeability, i, k = 1, 2, 3.
For monochromatic fields Mi  does not depend on t,

and by averaging (36) we obtain:

( )∂
∂x

E
k

ik i
Π = × ∇ε1

2
2r .       (37)

For systems with axial symmetry and a rapid decrease of
fields to the infinity from the axis it is equivalent to

Π33 3
3

dS const
S

=∫∫ ,       (38)

where S
3
 is an arbitrary cross-section. It means that the flux

of the angular momentum through a cross-section does not
depend on the z-coordinate of the cross-section. Thus, the
results (22), (24) and (26) are to be regarded as consequences
of the angular momentum conservation law in its differen-
tial form (36).

In an arbitrary situation, there is an essential difference
between these two aspects of the problem of the angular
momentum of a field. For instance, a constant electric field
possesses no angular momentum, but still has a non-zero
density of the angular momentum flux. However, in propa-
gating electromagnetic fields these differences are
smoothened to a certain extent. It turns out that for nonmag-

netic weak-guided fibers (µ =1) the ratio < >
< >

L
E  esti-

mated with the help of (35) equals the ratio 
< >

< >
K

N
3

3

for all CV vortices.
The right side of (36) presents the change of the angular

momentum due to deformations of fiber’s cross-section or
an anisotropy of the material caused by pseudosinks and
pseudosources of the angular momentum.

6. Conclussion

A form of existence of circularly polarized eigen modes of
optical fibers is guided optical vortices. The field of a fun-
damental HE

11
 mode (l = 0) has only a purely screw disloca-

tion of the wavefront of the longitudinal component. All fields
with azimuth index l ≠ 0 form two sets of eigen modes: ho-
mogeneous CV vortices, inhomogeneous CV vortices
(l  ≠ 0,1), and TE

0m
 and TM

0m
 modes consisting of a

superposition of partial IV vortices. For optical fiber vorti-
ces, a selection rule is satisfied. If the sum of a topological
charge and polarisation l + σ

z 
≠ 0, then the vortex in an opti-

cal fiber is structurally stable (CV vortices). If
l + σ

z 
= 0, then the vortex is structurally unstable (IV vorti-

ces).

Pϕ

Pz

z

P

θ

z

b)

Fig. 4. Axial P
z
 and azimuthal Pϕ energy flows of a CV vortex (a)

and Pointing vector precession (b).
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 Fields of stable optical vortices are able to transmit an-
gular momentum. The relation of the angular momentum
flow in z direction to the z component of the Pointing vector
of a multimode fiber field is equal to k(l + σ

z
)/w. This ex-

pression is very similar to that for optical vortices in a free
space.

Fields of unstable IV vortices, TE and TM modes do not
transmit any angular momentum.

The field of optical vortices is characterised by two kinds
of surfaces: the wavefront surface of transversal components
of the electric vector e

t
 has the shape of a straight helicoid

both for optical vortices in a void and CV vortices in a
multimode fiber. The distance between the neighbouring
leaves of the wavefront helicoid is equal to the wavelength
λ = v/ν, where v is the phase velocity of the vortex.

The ray surface is formed by Pointing vector P lines situ-
ated at the distance r

max
 from the energy flow maximum.

The ray surface of optical vortices in a void for m = 1 (m is
radial index) has a form of a rotation hyperboloid formed
by straight lines. The ray surface of CV vortices presents a
helix set wound around a circular cylinder.

Upon fiber excitation, matching of an optical vortex in a
void with a guided CV vortex assumes matching the wave
and ray surfaces. The exact matching of wave surfaces means
that the vortex in a void excites only the given CV vortex in
the fiber.

In case of mismatch of the wave surfaces, other fiber
eigenmodes could be excited. The matching degree of the
ray surfaces indicates the share of energy that was trans-
ferred from a Gaussian beam to a guided CV vortex.

The conservation law for the angular momentum in a
fiber is given by the continuity equation. For an axially-sym-
metrical fiber cross-section the right side of the continuity
equation is equal to zero. However, if the cross section of
the fiber is changed due to a deformation, or there is an
anisotropy of the material, then the right side of (28) de-
scribes pseudosinks or pseudosources of the angular mo-
mentum.
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ÎÏÒÈ×Í²  ÂÈÕÎÐ²  ÒÀ  ÏÎÒ²Ê  ¯ÕÍÜÎÃÎ  ÊÓÒÎÂÎÃÎ  ÌÎÌÅÍÒÀ  Â  ÁÀÃÀÒÎÌÎÄÎÂÈÕ  ÂÎËÎÊÍÀÕ
Î. Ì. Àëåêñ³ºâ, Ò. À. Ôàäººâà, Î. Â. Âîëÿð, Ì. Ñ. Ñîñê³í*

Ô³çè÷íèé ôàêóëüòåò Ñ³ìôåðîïîëüñêîãî Äåðæàâíîãî Óí³âåðñèòåòó, Óêðà¿íà
*²íñòèòóò ô³çèêè ÍÀÍ Óêðà¿íè

Ðåçþìå. Ðîçãëÿäàºòüñÿ ïðîáëåìà ðîçïîâñþäæåííÿ îïòè÷íèõ âèõîð³â â áàãàòîìîäîâèõ âîëîêíàõ. Ïîêàçàíî ÿê³ ñòðóêòèðíèõçì³í
ä³çíàþòü õâèëüîâà ³ ïðîìåíåâà ïîâåðõí³ ïðè ïåðåõîä³ ³ç â³ëüíîãî ïðîñòîðó â ñåðåäîâèùå âîëîêíà. Çàïèñàíå ð³âíÿííÿ
íåïåðåðâíîñò³ äëÿ ïîòîêó êóòîâîãî ìîìåíòà âèõîðÿ â íåîäíîð³äíîìó ñåðåäîâèù³.

ÎÏÒÈ×ÅÑÊÈÅ  ÂÈÕÐÈ  È  ÏÎÒÎÊ  ÈÕ  ÓÃËÎÂÎÃÎ  ÌÎÌÅÍÒÀ  Â  ÌÍÎÃÎÌÎÄÎÂÛÕ  ÂÎËÎÊÍÀÕ

Î. Ì. Àëåêñååâ, Ò. À. Ôàäååâà, Î. Â. Âîëÿð, Ì. Ñ. Ñîñêèí*

Ôèçè÷åñêèé ôàêóëüòåò Ñèìôåðîïîëüñêîãî Ãîñóäàðñòâåííîãî Óíèâåðñèòåòà, Óêðàèíà
*Èíñòèòóò ôèçèêè ÍÀÍ Óêðàèíû

Ðåçþìå. Ðàññìàòðèâàåòñÿ ïðîáëåìà ðàñïðîñòðàíåíèÿ îïòè÷åñêèõ âèõðåé â ìíîãîìîäîâûõ âîëîêíàõ. Ïîêàçàíî êàêèå ñòðóêòóðíûå
èçìåíåíèÿ èñïûòûâàþò âîëíîâàÿ è ëó÷åâàÿ ïîâåðõíîñòè ïðè ïåðåõîäå èç ñâîáîäíîãî ïðîñòðàíñòâà â ñðåäó âîëîêíà. Çàïèñàíî
óðàâíåíèå íåïðåðûâíîñòè äëÿ ïîòîêà óãëîâîãî ìîìåíòà âèõðÿ â íåîäíîðîäíîé ñðåäå.


