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2. Cyclotron radiation power of a non-equilibrium
plasma of thermal charge carriers of semiconductor
crystals

1. Introduction
A number of publications was devoted to the
investigation of radiation from semiconductor crystals in
magnetic fields. In particular, the radiation of
semiconductors in crossed electric and magnetic fields
and generation of terahertz pulses with picosecond
duration under irradiation of the semiconductor surface
in magnetic field by femtosecond laser pulses were
analyzed [1-3].
In [4] the results of an experimental study of highfrequency electromagnetic radiation of germanium
crystals in a magnetic field in the absence of any
additional influences are presented. It is shown that
cyclotron radiation is not in a state of thermodynamic
equilibrium with a semiconductor crystal.
Cyclotron radiation of semiconductor crystals is of
scientific and practical interest. The latter circumstance is
due to the possibility of a smooth tuning of the radiation
frequency by changing the induction of magnetic field. In
addition, and this is most significant, since in
semiconductor crystals the effective mass of charge
carriers can be tenths and hundredths of the mass of free
electron, the frequency of cyclotron radiation in magnetic
fields can be in the microwave and terahertz ranges.
To complete the analysis of this radiation, it is
necessary to calculate its power. This paper is devoted to
theoretical aspects for calculation of the radiation power.

When a semiconductor crystal is placed in a
homogeneous magnetic field with constant induction B,
conduction electrons, when their effective mass mn is a
scalar quantity (isotropic mass), begin to move along
spiral trajectories, that is, helical lines, the axis of which
coincides with the magnetic field induction line. It means
that the particle simultaneously participates in two
motions: under the action of the Lorentz force it rotates
uniformly at a velocity υ⊥ along the circle ( υ⊥ is the
component of the thermal velocity of electron
perpendicular to the vector of magnetic induction) and
moves translationally in inertia – uniformly and
rectilinearly with a constant velocity υ|| that is a
constituent of the thermal velocity of electron, parallel to
the vector of magnetic induction.
The angular velocity of rotation of electron is called
the cyclotron (Larmor) frequency ωB. For nonrelativistic
particles (for electrons in a semiconductor crystal, the
thermal velocity is much lower than the speed of light), it
is equal [5]
eB
ωB =
,
(1)
mn
where e is the elementary electric charge (charge of
electron).
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Since during rotation electron undergoes
acceleration, which is constant in its magnitude and
directed perpendicularly to the velocity, it is the source
of radiation of electromagnetic waves at the frequency
ωB [5].
Further, simplifying the consideration, we analyze
radiation of electron moving along a circle. The radiation
power of nonrelativistic electron (the total amount of
radiated energy per unit time) at the frequency ωB is
equal [5]

P=

e 2 ω2B υ 2⊥

,

The degree of deviation of the plasma from the state
of thermodynamic equilibrium has a limit. The energy of
a cyclotron radiation quantum should not exceed the
average kinetic energy of the thermal motion of charge
carriers
3
hω B max = kT ,
(8)
2
where h is the Planck constant devided by 2π.
At T = 300 K, we have ν B max = 9.38·10¹² Hz
( ω B = 2πν B ).
The latter circumstance, according to (7), limits the
power of cyclotron radiation.
When applying (7), it is necessary to have a notion
of the thickness of the radiating plasma layer.
Suppose that a semiconductor crystal has the shape
of a cylindrical ingot with a base area S and a height δ
equal to the thickness of the radiating layer, and the
magnetic field induction vector is directed along the
cylinder axis, in other words, along the normal to S.
The intensity of cyclotron radiation has an angular
distribution, and along the direction of the magnetic field
its intensity is two times greater than in the perpendicular
direction [5]. Thus, electromagnetic waves are emitted
from the crystal both through the area of the ingot base S
and through the side surface with the height δ. When the
radius of the ingot base is much higher than δ, then
electromagnetic radiation through the side walls of the
ingot can be neglected.
In accordance with (7), for the cyclotron radiation
power of a semiconductor crystal, we have

(2)

6πε 0 ε c 3
where ε0 is the vacuum electric constant, ε – dielectric
constant of the semiconductor crystal.
The radiation power of electromagnetic waves Pn
by electrons in a unit volume of a semiconductor crystal,
assuming that for the entire array of electrons υ ⊥ is the
deterministic quantity, has the form
Pn = nP ,

(3)

where n is the concentration of free electrons in
semiconductor.
However, in a semiconductor crystal, the vectors of
velocity of electrons participating in thermal motion have
all possible directions with respect to the vector of magnetic induction. In other words, υ 2⊥ is a random variable
ranging from 0 to υT2 , where υT is the mean square
thermal velocity of electrons equal υT = (3kT mn ) ,
where k is the Boltzmann constant, T – absolute
temperature. We will assume that this random variable is
a subject to a continuous uniform distribution. Then, the
probability density of such a random variable has the
form [6]
1
(4)
f υ ⊥2 = 2 .
υT
Consequently, for the radiation power of
electromagnetic waves by electrons per unit volume of a
semiconductor crystal, we have
12

PS =

Sδ .
(9)
12πε 0 ε c 3
The thickness of the radiating layer δ is determined
by the frequency ω B .

( )

In the situation where ω B < ω P , ω P is the plasma
frequency of electrons equal [7]
1

 ne 2  2
 ,
(10)
ωP = 
 ε εm 
 0 n
and the condition ωB τ >> 1 is not fulfilled or,
equivalently, µB >> 1 (the latter relation follows from
(1), taking into account that the relaxation time
τ = mnµ n e [8], where µ n is the mobility of electrons in

υT2

∫ ( )

Pn = n P f υ2⊥ dυ2⊥ .

(5)

0

Integrating, we obtain

Pn =

ne 2 ω2B υT2

.
(6)
12πε 0 ε c 3
The cyclotron radiation power of a semiconductor
crystal is, respectively, equal to

PS =

n e 2 ω2B υT2

the semiconductor, ω B τ = µB – number of revolutions
that electron will complete before elastic scattering by
ions and impurity atoms, dislocations, acoustic and
optical phonons), the layer thickness δ coincides with the
depth of the classical skin layer [9]

ne 2 ω2B υT2

V.
(7)
12πε 0 ε c 3
As it was shown in [4], not the entire semiconductor
crystal radiates, but only a certain near-surface region,
and the plasma of the outer radiating layer is not in a
state of local thermodynamic equilibrium, and the
cyclotron radiation of thermal electrons becomes
thermodynamically non-equilibrium.

1

 2ε  2
δ c = c 0  ,
(11)
 ωB σ 
where σ is the conductivity of the semiconductor.
In this case, in accordance with the relations (1), (9)
and (11), the power of cyclotron radiation of a
semiconductor crystal is proportional to ω B , that is, B to
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the power 3/2, and also to the square root of the
concentration of free charge carriers.
When ω B < ω P and ωB τ >> 1 (µB >> 1) , then δ is
the thickness of the skin-layer of the plasma equal to [9]
c
(12)
δP =
ωP
and does not depend on the frequency of electromagnetic
radiation.
Thus, the power of the cyclotron radiation, as
follows from the relations (1), (9), (10) and (12), is
proportional to ω 2B , hence to B2, as well as in the

PS =

S.
(17)
12πε1 2 c 2 mn2
As it follows from (16) and (17), the radiation
power of electromagnetic waves emitted by a
semiconductor crystal does not depend on the
concentration of charge carriers and increases with the
frequency, that is, with an increase of B in the power law.
At the same time, with increasing ω B ( ω B ≤ ω B max ) in
certain frequency ranges, cyclotron radiation is
suppressed due to lattice absorption by characteristic
phonons and their combinations, as well as electron
transitions between individual subbands [8]. This
circumstance reduces the degree of deviation of the
plasma of the radiating layer from the state of
thermodynamic equilibrium.
In conclusion we note, since electromagnetic
radiation is emitted from a semiconductor crystal with a
dielectric permittivity ε into air with a dielectric constant
equal to unity, a partial reflection of electromagnetic
waves occurs at the semiconductor-air interface. So, with
a normal incidence of the electromagnetic wave on the
interface, the reflection coefficient has the form [10]:

previous case n .
When ω B > ωP , solid-state plasma becomes
transparent to electromagnetic radiation. However, in this
case it is necessary to take into account its absorption by
free charge carriers. The latter circumstance precisely
determines the thickness of the layer δn. As δn, it is
necessary to take the value inverse to the absorption
coefficient δ n = α −1 , the expression for which has the
form [8]
σ
α=
,
(13)
  m µ ω 2 
c n ε0 1 +  n n  
  e  
where ω is the circular frequency of electromagnetic
radiation (in our case ω = ωB ), n is the real part of the
2

[(

]

σ

,

(14)

while (µ n B ) >> 1
2

c ε 0 ε1 2 (µ n B )2
.
(15)
σ
Substituting (14) into (9), taking into account (1) and
replacing σ by enµ n , we obtain
δn =

PS =

[

e 3 υT2 B 2 1 + (µ n B )2
12 2

12πε c

µ n mn2

] S,

2

(18)

In the experiments [4] on the investigation of cyclotron
radiation of semiconductor crystals, a permanent magnet
with an induction at the center of the air gap B = 0.45 T
and a cylindrical ingot p-Ge with its height 4.6·10–2 m,
base diameter 2.9·10–2 m, specific electrical resistance
0.44 Ohm·m ( p = 6.1 ⋅1019 m 3 ) were used.
We will estimate the parameters of cyclotron
radiation. The cyclotron frequency of light holes (for
which mp = 0.043 m0, where m0 is the mass of free
electron) was 2.9·10¹¹ Hz in accordance with the relation
(1). Taking into account (10) and ε = 16.2, the plasma
frequency ν P = 0.84 ⋅ 1011 Hz .
Since
νB > νp
and
µBB = 0.085 << 1
2
−
1
−
1
( µ B = 0.19 m V s ), to calculate the cyclotron radiation
power of the ingot, it is necessary to use the formula
(16). Then, we have PS = 44 µW. Note that the real
power of the cyclotron radiation of a semiconductor
crystal will be less than the calculated value due to the
reflection of electromagnetic waves from the ingot
surface. At normal incidence of the wave, for germanium
the reflection factor R = 0.362.
The results of heating liquid of 40 µl volume by
cyclotron radiation of a germanium ingot are presented in
[4]. Being based on the well-known formula for the heat
transferred to the body Q = PS t = cm∆T , where ∆T is
the change in temperature when heating, c – specific heat
of water, t – heating time, and m – mass of the liquid, as
well as taking into account that the maximum
temperature change ∆T is reached at the 16-th minute
and is 0.09 °C, we obtain that the radiation power is of

2

considering the case when ε >> χ 2 , that is, n = ε , we
get

[

)]

3. Comparison with experiment

χ = αc 2ω is the absorption index (extinction
coefficient).
We note that the dependence α on ω −2 , when the
unity in the denominator of (13) can be neglected, is well
satisfied, for example for InSb and Ge [8]. In the general
case, it must be taken into account that the relaxation
time and, consequently, the carrier mobility, are defined
by the nature of the scattering centers and the exponent
of the frequency dependence α for various semiconductor
crystals can vary within rather wide limits [8].
Taking into account the relations (1), (13) and

δn =

)(

R = ε1 2 − 1 ε1 2 + 1 .

complex refractive index, and here n = ε + χ , where

c ε 0 ε1 2 1 + (µ n B )2

e 3 υT2 µ n B 4

(16)

while (µ n B ) >> 1
2
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the order of 15 µW. This value is less than the power of
the cyclotron radiation of a germanium ingot that is
44(1 – 0.362) µW = 28 µW. The difference in power
values is obviously a consequence of a number of
operating factors. Basically, it is caused by the partial
reflection of electromagnetic waves from the surface of
the liquid, the heat transfer of the latter to the
surrounding medium, losses in the system and, as it was
shown in [4], a competing process of cooling water. The
angular distribution of cyclotron radiation caused by the
difference in the R values for the waves incident at an
angle to the semiconductor surface contributes.
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4. Conclusion
Analytic expressions for calculating the power of
cyclotron radiation of semiconductor crystals in
situations when the thickness of the radiating layer
coincide with that of the classical skin layer, the skin
layer of the plasma, and the absorption layer by free
charge carriers have been obtained. In all cases, the
power of radiation depends on the induction of magnetic
field in accordance with the power law. At the same time,
the exponent has been varied within fairly wide limits.
This fact agrees with the results of [2], where the
quadratic dependence of power corresponding to the
terahertz pulse from InAs on the magnetic induction was
observed under irradiation of the crystal surface with
femtosecond laser pulses. The theoretical calculations of
the radiation power are in satisfactory agreement with the
experimental results presented in [4].
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