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Abstract. The basic principles underlying a probabilistic concept for forming interband
radiative recombination spectral profiles in semiconductors have been formulated and
implemented. Analytical relations for the line shape (form-factor) of the spectral lines have
been obtained. A good agreement between the theoretical predictions and experimentally
measured radiative recombination spectra of indium phosphide based semiconductor
compounds has been demonstrated.
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1. Introduction

Approximating contours of interband radiative
recombination spectral lines, namely, deriving analytical
relations for the shape function, or form-factor, of
spectral curves is a nontrivial task. The form-factor
carries information about the distribution of the radiation
intensity as a function of wavelength (frequency) and
characterizes the position of the maximum, the half-
width of the line, and the homogeneity of its broadening.

Lorentzian, Gaussian, Foigian, and other contours
are commonly used to analyze experimental results
[1-5]. These contours do not always adequately
approximate the shape of the spectral curve over the
entire frequency range.

It should be noted that even for an abstract isolated
quantum system, spectral lines have a certain minimum
width. This width is determined by the finite lifetime of
the excited state. It is determined by the Heisenberg
uncertainty principle and is called natural linewidth.
In turn, the spectral lines of real ensembles of quantum
particles interacting with their environment undergo
broadening caused by defects and spatial inhomo-
geneities in the crystal lattice as well as thermal
vibrations of atoms and ions. One may suppose therefore
that broadening of the spectral lines of interband
radiative recombination in semiconductor crystals is
statistical in nature.

Analysis of photoluminescence (PL) spectral lines
remains relevant until now because it allows using non-
destructive methods to obtain valuable information about
the band structure of a semiconductor and its defect
composition [6—8]. In this respect, this article is devoted
to the analysis of probabilistic patterns in the formation
of a profile of an interband radiative recombination
spectral line in order to obtain the corresponding form
factors in analytical form.

2. Probabilistic analysis of interband radiative
recombination

It is shown in [9] that physical processes in
semiconductor materials are based on a probabilistic
paradigm. Its basic provisions are as follows [9]. Firstly,
the physical processes are caused by random events.
Secondly, the course of these processes is defined by a
distribution function of respective random variables. The
third provision of this paradigm is the following: just as
the equation of motion of physical systems is derived
based on the least-action principle, the evolution of a
nonequilibrium state of microparticles in semiconductor
crystals is described by a distribution function of a
random variable, which is the minimum of a large
number of independently acting variables. The limit
distribution of the minimum value of the third type is the
Weibull-Gnedenko distribution [9].

© V. Lashkaryov Institute of Semiconductor Physics of the NAS of Ukraine, 2026
© Publisher PH “Akademperiodyka” of the NAS of Ukraine, 2026

036



SPQOEO, 2026. V. 29, No 1. P. 036-039.

From this point of view, interband radiative
recombination in semiconductor crystals is caused by a
flow of random events such as recombination of
nonequilibrium charge carriers (electrons and holes), i.e.
photon emission. The wavelength of the emitted photons
is a random variable. Accordingly, the form-factor of the
spectral emission curve is determined by the photon
wavelength distribution function.

The shape of the spectral curve of interband
radiation is defined by population of energy levels, the
energy scale of which is of the order of kT, as well as by
effects of spatial inhomogeneity leading to appearance of
tails of the density of states, ie. energy levels in the
forbidden band. The entire set of the energy levels near
the band edges forms a statistical ensemble. Interband
radiative recombination results from the entire set of
transitions of nonequilibrium charge carriers between
pairs of levels in this statistical ensemble, where one of
the levels is located near the conduction band edge and
the other one near the valence band edge.

The random variable, namely, the wavelength of the
emitted photons for each pair of levels, has a distribution,
which, as noted above, is called the natural linewidth of
the radiation. The distribution function of the wavelength
of the emitted photons for the entire set of interband
transitions of charge carriers can be determined based on
the probabilistic theory of extreme values. Following the
B.V. Gnedenko’s theorem, we consider a sequence n of
identically distributed independent random variables
A, A2, ..., Ay, which are the wavelengths of the emitted
photons during transitions of nonequilibrium carriers
between all possible pairs of levels (n is the number of
the level pairs). The distribution of each of the random
variables A;, Ay, ..., A, describes the natural linewidth.
We form a new random variable &, equal to

g, =min(X;,A;,.....A, ). The limited distribution of the

third type of the minimum value is the Weibull-
Gnedenko distribution.

Then, the Weibull-Gnedenko distribution density
for the wavelength of photons emitted during interband
recombination, accurate to a constant coefficient, is a
function of the shape of the spectral line of the interband
radiative recombination.

The three-parameter (lower-bounded) Weibull-
Gnedenko distribution function for the wavelength of the
emitted photons F (K) has the following form [9]:

F)=1-exp-[o0 -2 )", (1)
where m is the distribution shape parameter, o is the scale
parameter, and Ag is the position (shift) parameter,
respectively. For the values of A less than or equal to Ag,
the probability of photon emission is zero (the value
As = 0 is meaningless from physical point of view).

For the probability density of photon emission
f (K) we write

10)= 08l -2 ) expl-a s
)

3. Form-factors of radiation spectral lines

The form-factor of a radiation spectral line, which
represents the distribution of the radiation intensity as a
function of wavelength in analytical form, I(1), is

10)= 15,/ (1). 3)
where [y, is the proportionality coefficient.
Substituting (2) into (3), we obtain

)= IOlmoc[oc(k —Ag )]m_l exp {— [oc(k —Ag )]m } 4)
We determine the coefficient 7y, from the condition
for the maximum of the function (4):

d\
For the position of the maximum point A,,,,x we have
1
1(m=1\m
A max =XS+—[—) . (6)
al m

Substituting the value A, into (4) yields

m—1
1 m—1 m—=1Ym
[Ol zlmax% exp( m j/[mj ’ (7)

where I, is the radiation intensity at the maximum point
)\'max-

Then, taking into account Eqs (4) and (7), for the
form-factor of the spectral emission line we have

=t (70)(221) |

<[l )1 exp o).

The analysis above assumes that the random
variable A is distributed over the interval from Ag to
infinity. When approximating various types of emission
spectral lines, this assumption may prove entirely correct.
However, a rigorous formulation of the problem requires
taking into account the fact that the random variable A is
distributed over the interval [A¢;,Ag,] With A, being

®)

the lower threshold value of the random variable and
Mgy the upper threshold value.

The corresponding expression for the form factor
can be obtained by generalizing the Weibull-Gnedenko
distribution to a situation where the random variable is
distributed over an interval. In [10—12], an approach to
generalizing the known probability distributions (normal,
lognormal, Weibull-Gnedenko) for random variables
defined within an interval is proposed. With respect to
the Weibull-Gnedenko law, the modified distribution
function is described by the following expression [10, 12]:

n

S S
| kg
}“GZ - }“Gl

F(k)zl_eXP - B(}"GZ_A'GI)ID , (9)
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where B, n, Ay, and Ay, are the parameters of the
distribution, meaning it be a four-parameter distribution.

At (L =g )<<(Agy —Ag)s the logarithmic function
in (9) may be expanded into series with only the first
term of the expansion left. At this, the distribution (9)
reduces to a three-parameter Weibull-Gnedenko distribu-
tion of the form (1) with the parameters , 7 and A .

The wavelength distribution density g(k) of emitted
photons has the following form:

n—1

n [ﬁ(sz —Ag ]H 1

glh)- _Hm) e |

Aga —hai Lo =g
) (10)

XCXpy— B(}"GZ_}\'GI)IH;
1_M
A2 —ha

One can write the following relation for the form
factor of the radiation spectral line:

1(0)=I5,g(2), (11

where [, is the proportionality coefficient.
Finally, we obtain:

n—1
Bn [B(KGZ —Aai )]rH 1
I\\)=1, ———2=——22%~ n——m
() 0”2 1— }\’_}\‘Gl 1— }\‘_)\‘Gl *
e e e
1
X exp{— B(XGZ_XGl)lnl_?»——Xm
Ao —Ag
(12)

An analytical expression for [y, cannot be obtained
by analogy with the previous case. Therefore, [y, is the
fifth parameter variable in (12) along with , n, A5, and
Ay .

Note that, from the application perspective, the

Weibull-Gnedenko distribution is highly flexible in the
sense that it can be adapted to approximate a wide range
of experimental data by varying its parameters.
In conclusion, we make the following clarifications.
Wavelength, not frequency, was chosen as a random
variable. This is explained by the fact that its dimension
is one of the fundamental units of the International
System of Units (SI). In our case, it is length. In turn,
frequency has a dimension inverse to such basic unit of
the International System of Units as time. Therefore,
frequency is a derived quantity.

Fig. 1 shows the results of approximating a spectral
line of interband radiative recombination of indium
phosphide by using a function of the form (8). Fitting the
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Fig. 1. PL spectrum of InP: circles are the experimental data,
line is the fitting.

theoretical curve to the experimental one was performed
using the least-squares method. The optimal fitting was
obtained at the following parameter values for the form
factor (8): As=19.3 nm, o= 1.115-10" nm ", and m = 60.

4. Conclusions

The proposed probabilistic concept of formation of
semiconductor emission spectral curves during interband
recombination is based on three fundamental principles.
The first principle is that interband radiative
recombination in semiconductors is caused by a flow of
random events such as recombination of nonequilibrium
charge carriers, i.e. photon emission, and the random
variable is the wavelength of the emitted photons. The
second principle is formulated as follows: the form-factor
of the emission spectral line is determined by the density
distribution of a random variable — the wavelength of the
emitted photons for the entire set of transitions of
nonequilibrium charge carriers within a statistical
ensemble of energy levels.

The statistical ensemble includes many energy
levels, which appear due to spatial inhomogeneity
effects, as well as energy level population effects caused
by thermal fluctuations. The third fundamental principle
states that the wavelength distribution of the emitted
photons is a limited distribution for minima. In turn, the
limited distribution of the minimum value of a large
number of independently acting quantities is the
Weibull-Gnedenko distribution. ~Approximation of
experimentally obtained spectral lines of interband
radiative recombination of InP semiconductor crystals by
using the form-factors presented in this paper showed
good agreement with the theoretical concepts, which
testifies appropriateness of the proposed concept to
radiative recombination processes.
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HMmogipnichi 3akonoMipHOCTi (OPMYBAHHS CNEKTPATBLHAX KPHBHX MiZK3OHHOI BUTIPOMIHIOBAJIBLHOI peKoMbinamii y
HANIBIPOBiTHUKAX

I'.B. Minenin, P.A. Peasko, C.B. Mamukin

AnoTanis. ChopMylbOBaHO Ta peali3oBaHO OCHOBHI TNPHHIMNM HMOBIpHICHOT KOHIEMIil ¢opMyBaHHS Mpodiaro
CIIEKTPAIBHUX KPUBUX MDK30HHOI BHIPOMIHIOBAJIBHOI pEKOMOiHalil B HamiBIpoBigHUKax. OTpUMaHO aHATITHYHI
criBBiHOMEHHS T hopMH JiHiT (popM-(akTopa) CieKTpabHUX KpUBUX. [IpOIEMOHCTPOBAHO XOPOUILY BiAMOBIIHICTE Mk
TEOPETUYHUMHU TepeA0adYeHHsIMA Ta EKCIEPUMEHTAIBHO BHUMIPSHUMH CIEKTpAMH BHUIIPOMIHIOBAIBHOI pPEKOMOiHAIiT
HaIBIPOBITHUKOBUX CIOJIYK Ha OCHOBI ocdiny iHAIir0.

Kaio4oBi ciioBa: HamiBIpOBITHUK, BUTPOMIHIOBANIbHA PEKOMOIHAIliS, CIEKTpalibHa JiHisA, Gopma miHii (popm-dakrop),
posmnoain BeitOynina—I HeneHko.
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