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Abstract. The current paper recovers optical soliton solutions with Kudrashov’s proposed
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1. Introduction efficiency. Several mathematical measures and means
have been proposed to address this unwanted issue
Optical solitons have made gigantic advances since their [6-10].
first inception in the telecommunications industry more One of them is to include spatio-temporal
than half a century ago. These solitons serve as bit  dispersion in addition to the pre-existing chromatic
carriers in optical fibers for transcontinental and dispersion (CD) [11-15]. This can slow down the
transoceanic distances across the globe. Today’s total solitons across a junction point, and the traffic flow of
dependence on internet communications across the globe signals can be monitored uniformly, like street traffic
would not have been possible without the unique flow. Another measure that has been adopted is the
engineering marvel of soliton science and technology. consideration of the time-dependent coefficient of CD
Therefore, it is imperative to address this technology and self-phase modulation (SPM) [1]. This can also
from all angles to achieve its performance enhancement. slow down the soliton, and in its limit, the solitons
One of the problems that has plagued the telecommu- can be made to halt, allowing the cross-traffic internet
nication industry is the Internet bottleneck effect [1-5]. to flow smoothly. The traffic light effect can similarly

This problem needs to be addressed and tackled with be adopted here as well. The third mechanism is based on
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using the fractional temporal evolution, which can slow
down the evolution of pulses along one direction, and
thus the traffic light effect can be implemented to control
the bottleneck effect [16-20]. The current paper
addresses this third measure to study the slow evolution
of solitons for the governing nonlinear Schrdodinger
equation (NLSE) with fractional temporal evolution and
linear CD. However, the SPM structure stems from the
combination of Kudryashov’s quadruple nonlinear effect
and dual-form of nonlocal nonlinearity [21-24]. The
nonlinearity parameter dictates the arbitrary intensity of
pulses. The details of the model and the derivation of the
soliton solutions are jotted, pictured, and exhibited in the
rest of the paper after a succinct introduction to the
model.

1.1. Governing model

This study investigates the time-fractional nonlinear
Schrodinger equation, which includes Kudryashov’s
arbitrary refractive index alongside two distinct nonlocal

nonlinearities [25]:
u

q
o+ e+ (clql™ + c2lq1”" + cslqP +

calq*™q + (cs(191™)xx + c6(191°M)x)q = 0,
0<uc<l, (1)
where represents the

wave profile and

q(x,t)

u
% denotes the conformable derivative, with »n being

the nonlinearity parameter. The coefficients ¢; for
i = 0,1,2,3,4 describe the nonlinearity effects,
contributing to SPM. Furthermore, the coefficients ¢5 and
¢ characterize a generalized non-local formulation of the
refractive index. The power-law parameter n represents
arbitrary intensity.

In this paper, we aim to implement two different
approaches to improve existing techniques for
constructing various soliton solutions dealing with
NLSE. The modified simplest equation method is a
highly effective and straightforward approach for finding
solutions to nonlinear partial differential equations.
Further, the research shows that this and the Kudryashov
method are highly efficient, effective, impactful,
straightforward, and easy to apply to various nonlinear
partial differential equations.

Definition 1.1. Let p: (0,0) = R. The conformable
derivative of order f can be introduced as follows:

-By_
Lg(p)(x) = lim M o

a—0

forallx > 0 and 8 € (0,1] [26].

2. Formulation of the problem

Here, we start with inserting the following wave
transform into equation (1):

flx,t) = U(g)e?™D),

u I
g=x—v%,19(x,t)=u—kx+w%,

3)

where u represents the phase center, k stands for the
soliton frequency, and w denotes the wave frequency.
Upon incorporating the transformations from equation
(3) into equation (1), the resulting expression is as
follows:

aU" + 2acgnU™U" + csnU™U" +
+csn(n — DU U (2bk? + w)U +

4
+2¢cgn(2n — DU1Y? — ¢, U+ — @
_C2u2n+1 _ C4U4n+1 _ C3u3n+1 — 0
and the imaginary part
(v + 2bk)U’' = 0. (%)

From the above equation, the velocity has the following
form:

v = —2ak. (6)
Consider
u(s) = V(o). ()

Thus, from equations (4) and (7), we obtain

a(1—n)V? + naVv'" + 2cgn?alV’V’ +
2cgn?aV’?V? + csn?V'"'V2% — n?(2ak? +w)vVz +  (8)
+cin?V3 + cn?V* + c3n?VS + ¢,n?Ve = 0.

3. Modified simplest equation method

In this section, we present several novel conformable
optical soliton solutions for the current model, derived
using the modified simplest equation method. We assume
that the solution to equation (10) can be expressed as the
following series.

V(s) =Zilo fiG(9)", )

where fy, fi, ..., fu are unknown constants, and M is a
balancing parameter. In equation (8), implementing the
balancing principle between V3V" and V° leads to
M =1 . Here, from equation (9) the following is
obtained:

V() = fo+ f1G(5), (10)
where G (¢) satisfies the following equation:
G(9)' = ho + G(9)* (11)

Now, the solutions of equation (13) with parameter s can
be defined as follows [27]:
If hy < 0, we get:

G1(5) = —/=hotanh (y/=ho(s +5)), (12)
G2(5) = —J=hocoth ({=ho(s + 5)), (13)

—tanh (2\/——1100; + s))

, 14
+isech (Z,I—ho (c+ s)) 1

G3(¢) =+/—ho
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—coth (2\/——}10@ + l))

G =./—-h , 15

+(6) ° tcsch (2,/—h0(g + s)) (>
/ tanh <‘/? (¢c+ s)) \

Gs() = — 12| | (16)

Substituting equations (10) and (11) into equation (8)
yields a polynomial expressed in terms of powers of
G (¢). We then arrange terms with similar powers and set
each corresponding coefficient to zero. This process
generates the following system of algebraic equations:

(G(6))°: _akzanoz - nzwfo2 + n2C1f03 +
n2c,fyt + nPesfy + nPcyfd + affhi — (17)
—anfZhZ + 2n’cofEf2hE =0,

(G(N': = 2ak*n?fofy — 2nPwfyfy + 3ncifg fi +

+aAn2 oo fg fi + 5nPcsfo fi + 6nPcufs fi + 2anf, fihg

+2ncsfi fiho + AnPcefg fiho + 4n’cefofhG = 0,
(18)

(G())*:—ak*n?f7 — n*wf? +3ncifoff +

6nle, fEfE + 10n%csfR f2 + 15n%c,fy f2 + 2afihy +

+4nZesfy fPhg + 16n2cefé fEho + 2n2cefi*hE = 0,
(19)

(G())%: 2anf f, + 2nPcsfof | + 4ncefof | +
an’c,f \fs + 10n2csfof> + 20nc,fofs + (20)
2n’csfihy + 20n%csf fohy + nPeifs =0,

(G(9))®: 2n%csf? + 16n%cyfpff + nPcsff + 6n2c,fyfS = 0
(21)

(G(g))8:6n%cefit + nPc,f? = 0. (22)

The following results are obtained via solving this system:

Result 1.

_ 2a(2+n)hy . 2a2+ n)y/—ho
fo= n2(cy — 405}10)’]rl B Jn%(c, — 4cshy)?’
3n*cg(cy — 4cshy)?
€= 2a%2(2 +n)2h, '
n?2(1 +n)c? + 4n?(4 + n)cycshy +
<16(—n2(5 +2n)c2 + 4a(2 + n)zcé)h(z,)
2= 4a(2 + n)?h, ’
n?(c, — 4cshy) X
oo (n2cics + 4(—n?c2 + 5a(2 + n)c6)h0)]
37 2a%(2 + n)2h, ’
4ah,
nz ’

w = —ak?—
(23)

Result 2.

V2ho(cscs + 50c2hg) — 10cghy +1
fo= B Ji=
3 7
20¢5 (y/2ho(cscs + 50cZho) — 10cgh )
X s
J—n2w — 4ah,
Van '
(2 ) 10C6h0 +
a +n
\/E\/ho(C3C5 + SOCého)

c1 = 4-Csh0 - lecs )

(1 ) 10 10C6h0 +
+ +
“ W ess ‘e \/2h0(C3C5 + 5002}10)

Cy =
2n2c?

- 2C5,

k =

_14C6h0 - \/18h0(C3Cs + SOCghO),

5 0 10cgho +
%|Cacs t ‘ ﬁ\/ho(c:),Cs + SOCgho)

Cy = .
2
Cs

24)

Result 3.

J2a(5 + 2n) fy — 32n2cyf
=% = )
V1?3 + 2¢,10)
_a(=ak?(5+2n) + 6¢, fy + 4(c, + 4k*n’c,)f)
a a(5 + 2n) — 16n2c¢gf2 ’
c;(a+ an — 44n2c f) +
o= (ZCZfO(a(Z +n)— ZOnzcefoz))
37 —2a(5+ 2n)f + 32n2cefyt
_ 3n%¢s(3cy + 26, fp)
= 16n2cfE —a(5 + 2n)fy’
_2a(2 +n)c,fy + ci(a+an + 16ncefy)
= 2n2f,(3¢; + 26,y
= — n’fo(3c; + 2¢,f,)
0 2a(5+ 2n) — 32n2¢sfE’

]

(25)

Substituting equations (10) and (11) into equation
(8) yields a polynomial expressed in terms of powers of
G (¢). We then arrange terms with similar powers and set
each corresponding coefficient to zero. This process
generates the following system of algebraic equations:

4ah
i<u—kx+tu(_ak;_%)>

g (x,t)=e X
1
2a(2 + n)h, 2akth n
- 70 [=
( n2(c, — 4cshy) — M tanh [(x + ) hO]) ’

(26)

where 71, = Jn*(c1—4csho)?
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Fig. 1. The comparison of kink-type plots |q;(x,t)|?> for u =1 and u = 0.4, where n =3, ¢; = 1,cs = 0.1, u = 0.1, a = 1.2,

k=1 hy=-1,ands = 1.

X

i<u—kx+ m
q(x,t) =e

2a(2+n)hg
nZ2(ci—4cshg) —

n,coth [(s +x+ %) ,/—ho]
i<u—kx+7tu(_aki_%)>

2a(2+n)hg
n2(cy~4cshg) —

M1 (isech[Z\/—_hoc] + tanh[Z\/—_hoq])

2aktht
where ¢ = s+ x + o

t“(—ak2 _740.}210)
i| u—kx+———n0- 2~
u

2a(2+n)hgy
n?(cy—4cshg) —

N (csch[Z,/—hog] - coth[ZW/—hog])
i(u—kx+_tu(_ak2_4zgo)>
u
X

2a(2+n)hg
n?(cy—4cshg) —

M <c0th [—“_Zhoq] + tanh [—“_:OCD
2vat*\/-n2w-4ah,

nu

2006<—1006h0+\/7 hg(C3C5+50C62h0)>>

C3

27

3|r

X

qs;(x,t) =e X

(28)

3|

q4(xP t) =e X

(29)

3|r

qs(x,t) =e

| =

(30)

3

Here,¢ =s+x +

and

N

;

_ho

I

N2 = —2¢5 +

€2))
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u+wt“

( (-n2w- 4ah0)>
i x

Van
qe(x,t) = e X

—10cghg+ |—2ho(c3c5+50¢Z hg) n
( - + nztanh[,/ —hoq] ,
wek X —112W—4ah0>><

1<u+ -
[z Van
q,(x,t) =e
1
—10cgho+ /—2h0(03cs+50céh0) "
C3
+n, coth[,/ —hoc]
u+wit”_x —nzw—4aho>
m
X

I=

(32

(33)

Van

qs(x,t) = el<
(fo + n,(isech[2,/—hqg] + tanh[Z,/—hog]))ﬁ,

wil X /-n?w-4ahg
e
X

(34)

- e

qo(x,t) = e <
(ranle Tl sl D)

wek —nzw—4ah0>
X

wth X
1l u+ m Jan
qio(x,t) = e

(35)

1 (36)

(fo + 772—2(c0th [@g] + tanh [@ g]))n,

i(u_kx , af”(—akz(5+2n)+601f0+4({:2+4k2nzc6)f02)>

quxt)=e ' u(a(s+2n)-16n%cefg)
1

X (fy £ nstanh[H ]Dn,

(37
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X

X

Fig. 2. The comparison of contour plots Re(ql(x, t)) for y=1and pu =04, where n=3,¢c;, =1, ¢5=0.1, u=0.1,

a=12k=1hy=-1,ands = 1.

I:I 'J:{’i”" '
i\\W\ |

Re(q, (x.b)

-200 -100 0 100 200

Re(q, (x.1)

-200 -100 0 100 200

Re(d, (x,1))

-200 -100 0 100 200

Fig. 3. The wave plots of |q;(x,t)|? with the effect of temporal time parameter, where n = 3,¢; = 1,¢c5 = 0.1,u = 0.1,

a=12k=1hy=—-1,u=1ands = 1.

u 2
where H; = (5 + x 4 20kt ) n2fo(3¢1+2¢2 o)  and
2a(5+2n)—32n2ce f¢

ne = jn2f0(3c1 + 2¢,f5)(2a(5 + 2n) fy — 32n2cef)
5=

(2a(5 + 2n) — 32n%cef2) (N2 (Bcy + 2¢2f,))

q12(x, t)

i(u—k
=e€

_att(—ak?(5+2n)+6cy fot+4(ca+4k>n?ce) fE)
u(a(s+2n)—16n2cef¢)

’

(fo % nscoth[H, )7, (38)

i<u_kx ath(-ak (5+2n)+6(:1f0+4—(02+4-k2n2(:6)f ))
q13(x,t) =e ula(s+2n)-16n2cefF)
(fo £ n3(isech[2H,] + tanh[2 Hl]))ﬁ,

(39)

att(-ak?(5+2n)+6cy fo+4(co+4k?n?ce) fE)
u(a(s+2n)—16n2csfE)
1

(fo + n3(—coth[2H,] + csch[ZHl]))z,

i(u—kx
Qra(x,t) =e

(40)

ath(—ak?(5+2n)+6cy fo+4(ca+4k?n?ce) f3)
u(a(s+2n)-16n2cef3)

1

<f0 + 175 (coth [ ] + tanh [Hl])> "

For completeness, we provide graphical simulations
of the obtained solutions. The solution (26) is illustrated
in Figs. 1-3 and 8 (kink-type, contour, wave and bright-
profile comparisons). The solution (32) is displayed in
Figs. 4 and 5 (wave and contour plots).

i(u—kx+
Gis(x, t) =e
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Re(qg(x.b)
Re(qg(x.h)

(b)

Fig. 4. The comparison of wave plots of Re(qe(x, t)) for u=1and p =04, where n=3, c3=-0.3, c5=0.1, c5 =1,
u=01la=12 w=-2, hg=—-1, pu=1,ands = 1.

Re(qg(xt)
Re(gyxt)

Fig. 5. The comparison of contour plots of Re(ge(x,t)) foru =1 and u = 0.4, wheren = 3,c3 = —0.3,c5 = 0.1,c5 = L, u = 0.1,
a=12,w=-2,hy=—-1,u=1,ands = 1.

3 3 . 3
S 2 S 2
2 %! /\ 2 =1 /\
o L o~ g0
= -1 = 1
5: 1 -20 0 20 o 1 20 0 20
© X ~© X
g 0 g 9
-1 1
5 N 5
S ‘\\ \
AN N
0 T ) e T 0+ — e T
-20 -10 0 10 20 -20 -10 0 10 20
X X

Fig. 6. The comparison of bright plots of |q6(x,t)|? with the effect of different temporal parameter, where cs = 1,n =3,
u=01,a=2k=03,c=035s=02A4=01B=1.
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: | | |
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. X
= t=100
Z 1] | :
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sV |
: | | |
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Fig. 7. The dark-bright plots of Im(qls(x, t)) with the effect of the temporal parameter, where cs = 1,n =3, u =0.1,a = 2,
k=03,¢3=03s5s=02,u=14=01,B=1.

i143|F ’.’ B JEp———
8 I A (P 4=06
' 1 ——=0.4
I i
1 50
oo
1r H 1
o T &
o I 1 .
x 1 =
= ! 1 g
o i ©
H 1 o«
I i
0.5
I
I i
! i
.‘ i
i
1) e —— J 1@
-20 15 -10 5 0 5 10 -20 15 -10 5 0 5 10
X X
(b)

(a)
Fig. 8. The comparison of bright plots |q (x, t)|? and Re(q,(x,t)) fora = 1 and @ = 0.4, wheren = 3,¢; = 1,¢5 = 0.1,u = 0.1,

a=12,k=1hy=—-1,ands = 1.

2 14
18} 1.2
16 1
14+ a0
% 12 g 06 -
N ©
© &
T ol E 0.4
08 02
0.4 0
02+ 0.2
Y ‘ 0.4 . . . . . .
-15 - g -20 -15 -10 -5 0 5 10 15 20
X X
(b)

Fig. 9. The effect of the conformable parameter on |u;(x,t)|? and Re(uy(x,t)), where cs=1n=3u=01a=2,
k=03, ¢3=03,5s=02,A=01B=1.

Murad M.A.S., Hamasalh F.K., Arnous A.H. et al. Optical solitons with Kudryashov’s form ...
086



SPQEO, 2026. V. 29, No 1. P. 080-090.

4. Kudryashov’s approach

In this section, several new conformable optical soliton
solutions to the current model are constructed using the
Kudryashov method. The method relies on the following
function [28]:
K(c) = 1

€)= (A—B)sinh(¢)+(A+B)cosh(¢)’

(42)

where A and B are non-zero constants, and the functions
K (¢) satisfies the following relation:

(K'(§))* — K*()(1 — 4ABK()?) = 0. (43)

According to the present method, the following series,
based on the base function (42), is the solution of the
proposed model:

V() =2N, filK(O), fy # 0.

where the values f;, f1, f>, ... are the constants that need
to be found, and N is the balancing value. Hence, the
equation (44) has the following form:

V(§) = fo + £1G(9).

By substituting equation (45) and its derivatives, together
with equation (3), into equation (8), we obtain a
polynomial expression for K(¢). After gathering all the
coefficients of K(¢) and equating them to zero, we form
a system of algebraic equations. Solving this system
yields the following results:

(44)

(45)

Result 1.
8ABc 1
fozo,f1=i FSIWZG(;—ICZ),
’ (46)
_ _a(l+n)cz  4cacs _ CaCs
=76 = 2n2cg 3cg 07 3cg

Using equations (3), (6), (7), (42), (45), and (46), we can
have the following optical solutions:

a(iz—k2
il u—kx+—20-— 72—

)

x,t)=e
q16(x, 1) 3 A (47)
_ 22.[ABcs "
((a+B)cosh[¢]+(A-B)sinh[¢])/c3 | ’

2aktH
where ¢ = s +x + .

Plugging A = B into the above solution, we obtain
the following bright soliton solution

—Kk2 1 tH
i(u—kx+w>
q17(x,t) = e X

1 (48)
N sech[s+x+2aztﬂ]1/2cs n
X .
- =

Plugging A = —B into the above solution, we
obtain the following soliton solution

2,1
-k +?)t”>

i(u—kx+a(

u
qis(x,t) =€ X
kth = (49)
2a. n
o (i \/—ZBcsch[s+x+ o ]JE) .
c3B
Result 2.
_ _ 84Bcs ; _  Ja-n?w
fO_O’fl_i\/a'k_ \Fan'
_ __3cz(al+n)cz—2ncycs) 50
€1 = —C5,C4 = BTIZCE ) ( )
_ l _ a(l+n)c3
Ce = 8( 2¢cp + = )

Using equations (3), (6), (7), (42), (45), and (50),
we can have the following optical solutions:

—n2 12
pqYa-niwx thw
Van u X

(
qro(x,t) =€
+ 2%,/A3c5
~ ((A+B)cosh[¢]+(A-B)sinh[¢]),/c3
2+atha-n2w

nu

(51

3k

’

where ¢ = s +x —

Plugging A = B into the above solution, we obtain
the following bright soliton solution

i(u+ ; a_nzwx+t”—w>
G20(x,t) =€ van ) x
1 (52)
(i 2% sech [s +x — 2aVamntw a—nzw])n-
Ves nu
Plugging A = —B into the above solution, we
obtain the following soliton solution
i<u+ ; a_fnzwxﬁ#—‘”)
q21(x,t) = e o BIx
kS (53)
(i V=28 och|s + x — 2ath/a-ntw )n.
JBc3 nu
Result 3.
_ _ J—84Bc; _ Ja-n?w
fo=0.fi = £ ko= — YR
3cz(2n?cicp+a(1+n)cs)
€5 = —Cy,Cq = = zlanzch 2, (54)
e = _ & a(1+n)cs

4 8n2cy

Using equations (3), (6), (7), (42), (45), and (54),
we can have the following optical solutions:

[a—n2 u
anwx+tw>
X

i
G22(x,t) = e< van #

+ 2% [=ABc;
~ ((4+B)cosh[¢]+(A-B)sinh[¢]),/c3
2vatta-n2w

nu

(35)

3r

’

where ¢ = s + x —
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Plugging A = B into the above solution, we obtain
the following bright soliton solution

i<u+ : a_nzwx+t#—w>
q23(x,t) = e van ) x

1 (56)
(i—' ~2% sech [x _ WattVa-n?w a—nzw])".
Jes ny
Plugging A = —B into the above solution, we

obtain the following soliton solution

(el )
Gaa(x,t) =€ meoESx

1 (57)
(1/2801 esch lx — 2VathJa-n2w )n
JBcs3 nu ’

The solution (47) is presented in Figs. 6 and 7 (bright and
dark—bright profiles). Finally, Fig. 9 demonstrates the
influence of the conformable parameter on solution (48).

6. Conclusions

This paper derived the optical soliton solutions to the
governing NLSE with fractional temporal evolution,
linear CD, and having Kudryashov’s form of SPM
structure. Two approaches have made this retrieval
possible. They are the Kudryashov integration scheme
and the modified simplest equation method. These two
approaches collectively yielded the soliton solutions,
which are enumerated and listed along with their
respective parameter constraints that guarantee the
existence of the solitons. The results are thus applicable
to the telecommunications industry, which is the lifeline
of modern-day internet communication, keeping the
entire planet connected.

The future of this study stands on a very strong
footing. The results will be later studied for additional form
of fibers, namely polarization-preserving fibers, dispersion-
flattened fibers, dispersion-managed fibers, etc. The model
can also be applied to several forms of optoelectronic
devices such as optical metamaterials and metasurfaces,
optical couplers, magneto-optic waveguides, Bragg gratings,
and others. The results of these research activities will be
disseminated once they start pouring in sequentially.
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OnTnyHi cositonn dopmu Kyapsamosa i3 CTPpyKTypoOIO JIOKAJILHOI Ta HEJIOKAJIBHOI (pa30BOi caMOMOLYIsALil

3 Ip0O0OBOI0 YACOBOIO €BOJIIOLIEI0

M.A.S. Murad, F.K. Hamasalh, A.H. Arnous, A. Biswas, A.J.M. Jawad, Y. Yildirim, L. Moraru, C. Dragomir

AHoTanist. Y mifi cTaTTi BiTHOBICHO ONTHYHI COJIITOHHI PO3B’S3KH 3a JOIOMOTOIO 3alpornoHoBaHOI Kynmpsimoum
cTpykTypu (hazoBoi camomonynsnii 3 ApoOOBOIO YacoBOIO eBoutoliero. Lls Monenb Moke KOHTPOJIIOBATH Ta
MOM’SIKIITYBaTH €(eKT BY3bKOTO MiCIlsi B Mepexi [HTepHeT, sIKhil € CepHO3HOI MEPENIKOJ00 ISl MOTOKY iHTEPHET-
Tpadiky Ha MDKKOHTUHEHTAJIBHHMX BINCTaHsAX. [[Ba He3almexHI MIXoau 10 IHTErpailii 3poOwWiM ¢ BiTHOBJICHHS
MOXJIHBUM. LIIUPOKHII CHEKTp CONITOHHUX PO3B’SA3KIB 3 SBUBCSA 3aBASKH KOJEKTHBHOMY 3aCTOCYBAaHHIO CXEM
iHTerpanii. Takox rpezacTaBiieHO apaMeTpU4Hi 0OMEKEHHS IS ICHYBaHHS TAKUX COJIITOHIB.

KaiouoBi ciioBa: comnitoHu, By3bKe Micle B Mepexxi [HTepHeT, iHTerpoBaHiCTb.

Murad M.A.S., Hamasalh F.K., Arnous A.H. et al. Optical solitons with Kudryashov'’s form ...

090


http://orcid.org/
http://orcid.org/
mailto:yakupyildirim110@gmail.com
http://orcid.org/
http://orcid.org/



