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Abstract. Analytical expressions to describe nonparaxial diffraction of vortex laser beams
during their propagation in free space are obtained. The beams excited by radially polarized
TMy,, (m =1, 2, 3) modes of a dielectric waveguide resonator of a terahertz laser, which
interact with a spiral phase plate with an arbitrary topological charge (n) are considered.
The simulation is performed using the Rayleigh—Sommerfeld integral theory. It is shown
that a phase plate with topological charges n = 1, 2 forms a field in the Fresnel zone, in
which an azimuthal component appears. In this case, preservation of the radial and
longitudinal components of the field is observed and the contribution of the longitudinal
component to the total beam power remains insignificant. For a phase plate charge n = 1,
the maximum of the field intensity is located on the axis, whereas the field distribution for
n =0 and n = 2 becomes ring-shaped. The maximum values of the field intensity are
observed at a charge n = 1, while they decrease at n = 2. Phase distributions of the field
transverse components of vortex laser beams are visualized. At a topological charge n = 1,
they become a one-lobe helical structure, and a two-lobe structure with more pronounced
helical twists of the azimuthal component for all the studied modes is observed at n = 2.
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1. Introduction

The terahertz (THz) frequency range is an intermediate
region of the electromagnetic spectrum between the
infrared and microwave ranges. One of the essential
properties of THz radiation is its non-ionizing character,
setting it apart from X-ray radiation [1]. The spectra of
complex organic compounds, including protein molecules,
DNA, and various explosives, fall within the terahertz
range [2]. In this spectral range, dry dielectric materials
such as fabrics, wood, paper and plastics exhibit high trans-
parency. Terahertz laser radiation provides a promising
basis for developing more efficient scanning systems
used in security inspection procedures. Use of this type
of radiation enables detection of nonmetallic objects con-
cealed under clothing, including ceramic weapons, drugs,
and explosives, without causing harmful effects to the
human body [3]. Use of THz lasers has become widespread
in industry, especially for non-destructive testing and
quality assessment of materials [4]. THz technologies
enable efficient detection of defects, cracks, and damage
in composite materials, plastic products, and ceramics, as
well as harmful substances in food products [5—7]. In the
terahertz range, resonances associated with rotational and
vibrational transitions of many molecules are observed,

providing valuable spectroscopic information. Analysis
of these resonances enables identification of molecules
based on their unique spectral characteristics, which act
as molecular “fingerprints” [8, 9]. The terahertz range is
also considered one of the most promising frequency
domains for future 6G wireless communication
technologies, which are expected to involve device
operation within this spectral region [10—13].

Among terahertz laser beams, vortex beams are of
particular interest due to their unique properties, which
confer significant importance in various applications.
The most prominent feature of the vortex beams is the
spiral configuration of the wavefront, enabling realize-
tion of orbital angular momentum with numerous states
and supplementary degrees of freedom. In this case, the
surface of constant phase is not a plane but a complex
helix-shaped three-dimensional structure — a helicoid
[14]. At the same time, a singularity corresponding to an
undefined phase form along the beam axis (at the center).
As a result, the intensity of such beams drops to zero at
the beam axis. However, the energy is not entirely lost.
Instead, it is redistributed around the axis, forming a
ring-shaped intensity profile [15].

There are two key methods for generating terahertz
vortex beams. One approach uses specialized external
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devices to modulate the wavefront, while the other
achieves direct excitation of vortex beams inside the laser
cavity. In the first method, wavefront modulation is
achieved using various optical components such as
achromatic polarizing elements, spiral phase plates, and
computer-generated holograms [16—19]. Vortex beams
can be generated directly in a laser resonator by
employing either optical rectification or difference-
frequency generation techniques [20-23].

Optically pumped terahertz molecular lasers are
among the first and most efficient sources of terahertz
radiation [24, 25]. They utilize a line-tunable CO, laser to
selectively excite specific transitions in a molecular gas,
thereby producing rotational population inversion within
a tunable optical cavity. Waveguide resonators are
commonly used in optically pumped lasers, as they allow
generation of high continuous-wave powers within
relatively small cavities. Among the modes of such
resonators, the TM,,, modes with radial field polarization
have a region of strong longitudinal electric field in the
focus. The longitudinal field modes carrying orbital
angular momentum are of considerable interest for
increasing the information capacity and spectral
efficiency of wireless communication lines in the tera-
hertz frequency range [26]. Wave beams of this type can
be efficiently generated using spiral phase plates [27].

In this paper, we develop analytical expressions for
describing nonparaxial diffraction of radially polarized
TM,,, modes formed in a dielectric waveguide resonator
of a terahertz laser upon interaction with a spiral phase
plate. The spatial structure and evolution of the intensity
and phase of the induced optical vortices are analyzed.

2. Theoretical model

Vectorial Rayleigh—Sommerfeld integrals [28—30] or the
plane-wave expansion technique [31-33] are employed
to study propagation of radiation in free space. For this
case, nonparaxial approximation of the Rayleigh—
Sommerfeld integrals is applied. The nonparaxial
approximation yields greater precision than the
traditional paraxial approximation. The first-kind vector
form of the Rayleigh—Sommerfeld integral theorem in
cylindrical coordinates is expressed as follows:
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where k =2m/\ is the wave number, A is the wavelength,

(o, @) are the polar coordinates in the area where the input
field is specified, (pl,B, zl) are the cylindrical coordinates

in the observation plane, E’ (po,(p) and Eg (po,(p) are
the complex amplitudes of the » and ¢ components of the

input electric field, respectively, and 7 =+/p; +z{ .

It is assumed in the framework of the theoretical
model that the mode structure of the studied dielectric
resonator coincides with the mode structure of a hollow
circular dielectric waveguide. Let us define a radially
polarized field in the form of TM,,, modes in the initial
plane. In the source plane (z; = 0), the cylindrical
components of the electromagnetic fields of these modes
can be expressed as follows [34]:
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where a is the waveguide radius, J; is the Bessel function
of the 1st kind of the first order, U, are the roots of the
1
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normalizing factors for TM,,, modes, respectively.

We consider interaction of these modes with a spiral
phase plate (SPP) characterized by an arbitrary
topological charge n [35]. The spiral phase plate is placed
at the output of the waveguide and has the same diameter
as the waveguide aperture (Fig. 1). The complex
transmission function for the given SPP characterized by
a radius a and expressed in polar coordinates is presented
in the following form [36]:

T,(p,.0)=circ (P_o] exp (ino) = {eXp (ing), py <a, 3)
“ O’ pO >a,
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where circ (P_oj is the circular function.
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Fig. 1. Modeling scheme of laser beam propagation.
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Integration of (2) over the angle ¢ can be efficiently perfor-
med using the following relations for integer u > 0 [37]:

27

ICOS(MH @ Jexp [ ix cos(¢ —0)do] =
0

=2 (=i} T, (x)cos(uo + @),

2n
[sin (uo+ 0y Jexp - ixcos(o - 0) o]~
0

=2 (=i}, (x)sin (e + o).
From the previous expressions, we arrive at the
following relation:
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By applying (5.1) and (5.2), we derive the following

expressions for the field components describing
nonparaxial diffraction of the TM,,, modes on SPP:
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3. Results and discussion

Theoretical calculations of the intensity distributions

2
I=|Er|2+|E(p| +|E. ? and phase characteristics
¢; =arctg(Im(E; )/Re(E, ), i = r,¢,z) of the vortex laser

beam field were performed using the expressions (6). The
beams excited by radially polarized TM,,, (m = 1, 2, 3)
modes of a dielectric waveguide resonator of a terahertz
laser during beam propagation in free space were
considered. A spiral phase plate was installed at the
output of the waveguide resonator to form the studied
vortex beams. The waveguide and SPP had identical
diameters of 35 mm. In the calculations, the radiation
wavelength was A = 0.4326 mm, which corresponds to
the generation line of an HCOOH laser with optical
pumping [38]. In this work, the spatial-energy properties
of the field of the studied beams were compared for the
values of the topological charge of SPP =0, 1, 2.

Fig. 2 shows the longitudinal and transverse
distributions of the total intensity of the field of laser
beams excited by TMy;, TM,, TMg; modes in free space.
Calculations of the longitudinal distributions of the field
intensity were carried out in the Fresnel diffraction zone
for the distances z; = 100...700 mm, and the transverse
distributions were considered in the areas of the
maximum field intensity. It can be seen from Fig. 2 that
field distribution of the beams excited by the considered
modes in free space is governed by both the mode order
and the topological charge. For topological charges n =0
(in the absence of SPP) and n = 2, the transverse profiles
have pronounced ring structures, whereas for the charge
n =1, the intensity is concentrated on the axis.

In order to obtain quantitative description of the
transverse structure of the beams at the planes where the
intensity reaches its maximum, the effective diameter
was computed using the following expression:
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The results of the calculations of the diameter and
the coordinate z;, for the plane of the maximum intensity
Iax are presented in Table. For each of the modes, the
highest values of the maximum intensity correspond to a
single topological charge, whereas for a charge n = 2, the
intensity is significantly lower. The intensity maximum
planes for all the beams under study at » = 1 are located
farther from the source: for the TM,; mode at a distance
of about 527 mm, for the TMy, mode— 321 mm, and for
the TMy; mode — 230.5 mm. This distance decreases
significantly at increasing the mode order. The smallest
beam diameter in the plane of the maximum intensity is
observed in the absence of the topological charge (29.54
and 34.38 mm, respectively) for the TMy; and TMy;
modes and at the charge n = 2 (30.46 mm) for the TMg,
mode. The highest values for all the considered modes
are characteristic for the topological charge n = 1, where
the diameter reaches more than 38 mm.
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Fig. 2. Longitudinal (al-a3, cl—c2, el—e3) and transverse (b1-b3, d1-d3, f1-f3) intensity distributions of vortex laser beams
excited by TM,,, (m =1, 2, 3) modes in free space.
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Table. Spatial-energy characteristics of laser beams excited by
TM,,, modes at different topological charges.

I.107, | Beam diameter
Mode n z;, mm
abs. un. d, mm
0 175.5 2.35 29.54
TM, 1 527 2.84 38.74
2 131 2.65 29.87
0 207.5 4.49 32.89
TMg, 1 321 8.68 39.75
2 100 2.99 30.46
0 167.5 6.46 34.38
TMg; 1 230.5 14.64 40.11
2 171.5 3.43 37.82
To study spatial distribution of the field

components, the dependences of their relative
contributions n(z;) to the laser beam power in the Fresnel
diffraction zone for topological charges n = 1, 2 were
calculated using the following expression:
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In the absence of a spiral phase plate, the total field
intensity is formed by the radial £, and longitudinal E,
field components (Fig. 3). At the same time, the contribution
of the E. component for all the studied topological
charges to the total beam power turned out to be small.
Therefore, the n(z;) graph as well as the intensity and phase
distributions for this component are not presented further.

The graphs show that the contribution of the radial
component to the laser beam power for the TM,,; mode
decreases at increasing the distance from the source
while the contribution of the azimuthal component
increases. For a topological charge n = 2, this tendency
leads to the fact that starting from distances of about
550 mm, the contribution of the £, component becomes
dominant. For the TMy, mode at n = 1, the contribution
of the E, component decreases at increasing the distance
from the source to ~ 400 mm, while the relative
contribution of the E, component increases. Then the
contribution of the E, component increases again, while
the contribution of the £, component gradually
decreases. At a charge n = 2, a pronounced intermediate
region is observed, in which the contributions of the
radial and azimuthal components of the field at the
distances of about 400...600 mm are practically equal.
For the TMy; mode at n = 1, 2, the radial component
remains dominant over the entire range of distances,
showing only minor fluctuations. The contribution of the
E, component has a moderate maximum at a distance of
about 300 mm, after which it gradually decreases.

Fig. 4 shows transverse distributions of intensity
(al, a2, cl, c2) and phase (bl, b2, d1, d2) of individual
field components for beams excited by the TMy; mode
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Fig. 3. Dependences of the relative contributions 1 of the field
components of vortex laser beams, excited by TMg;, TMq,, and
TMy; modes, to the total power.

in the planes of maximum intensity values. For a
topological charge n = 1, both transverse components
have a maximum on the axis with the E, profile having a
large transverse extent and the E, profile concentrated in
the central region. The phase distributions exhibit a heli-
cal one-lobed structure. Change in the topological charge
from 1 to 2 is accompanied by both transformation of the
transverse profile from the axis-centered region of
maximum intensity to a ring structure for both compo-
nents and a increase in the vortex petal structure of the
phase in accordance with the topological charge.

For laser beams excited by the TM(, mode at a
topological charge of n = 1, the intensity of the radial
component has a maximum on the axis and a weakly
defined ring, while the intensity of the azimuthal
component is concentrated in the axial region (Fig. 5). At
a charge n = 2, the transverse profile of the £, component
is transformed into a pronounced two-ring structure, and
the similar profile of the £, component is transformed
into a single-ring structure. The phase distributions show
a vortex structure for both components: one-lobed at n = 1
and two-lobed at n = 2. Moreover, phase distributions of
the azimuthal component are characterized by a large
number of spiral twists.
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Fig. 6. Transverse intensity (al, a2, cl, c¢2) and phase (b1, b2, d1, d2) distributions of the field components for laser beams excited
by the TM; mode.
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Fig. 6 shows the transverse intensity distributions
(top row) and phase (bottom row) of individual field
components for beams excited by the TMy; mode. At a
charge n = 1, the intensity of the radial component has an
axial maximum with a series of weak concentric rings,
while the profile of the azimuthal component is more
compact and localized near the axis. At a charge n = 2,
the E, profile transforms into a multi-ring structure, and
E, acquires a clear single-ring shape. The phase
distributions exhibit a vortex lobe structure: one-lobe for
n =1 and two-lobe for n = 2.

4. Conclusions

In this work, analytical expressions for describing non-
paraxial diffraction of vortex beams excited by radially
polarized modes TMy,, (m = 1, 2, 3) of a dielectric wave-
guide resonator during beam propagation in free space are
obtained. The calculations used the Rayleigh—Sommerfeld
theory. Formation of the vortex beams was carried out by
a spiral phase plate of arbitrary topological charge ».

It is shown that for charges n = 0 and n = 2, the
transverse profiles of the radiation beam have a
pronounced ring structure, whereas for the charge n = 1,
the maximum of the field is observed on the axis. In the
absence of SPP, the field distribution in free space for the
TM,, modes is formed by the radial and longitudinal
components. In case of using SPP, an azimuthal
component appears in the field distribution. However,
contribution of this component to the total power turned
out to be insignificant in all the cases.

For each of the modes, the highest values of the
field intensity in free space correspond to a single
topological charge, whereas for a charge n = 2, these
values are significantly lower. The intensity maxima for
the charge n = 1 are located farther from the source and
shift towards it at increasing the mode order.

It is found out that distributions of the transverse
components of the field at the SPP charge » = 1 have a
maximum on the axis. For the azimuthal component, the
field localizes near the axis, while the field expansion is
observed for the radial component. Phase distributions of
the field have a one-lobed helical structure. At n = 2, the
field intensity profiles are transformed from axial to
annular. Moreover, with an increase in the mode order,
the field distribution of the azimuthal component remains
localized in a ring, while for the radial component the
number of such rings increases. At the same time, the
phase profile changes from one to two lobes,
proportional to the topological charge, and the azimuthal
component distributions contain more spiral twists.
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JuHaMika nomupeHHs paliajibHO NOJISIPU30BAHUX TEPAreplOBUX BUXPOBUX NMYUKiB

A.B JlerrsipsoB, M.M. Jly0iHiH, , B.O. Macaos, K.I. MyntsH, B.M. Paoux

Anortanis. OTprMaHO aHANITHYHI BHpa3d U1 OMUCY HemapakciambHOI Au(pakmii BUXPOBHX JIa3epHHUX ITyJIKiB
I/ Yac IXHBOTO MOIIMPEHHS y BUIBHOMY TpocTopi. Po3risHyTo myuku, 30y/pKeHi panianbHo nossipuzoBanumMu TM,
(m =1, 2, 3) MomaMHu HiENEKTPUYHOTO XBIJIEBIAHOTO pPE30HATOpA TEpareploBOrOo Jas3epa, sIKi B3a€EMOIIIOTH 3i
CHipaNbHOI0 ()a30BOKO IIACTUHKOIO 3 JOBUIGHHUM TOMOJOTIYHMM 3apsmoM (n). MojemoBaHHS BUKOHAaHO 3a
JIOTIOMOT0I0  iHTerpaibHoi Teopii Pemes—3ommepdensaa. Ilokazano, mo ¢a3oBa MmIaCTUHKA 3 TOMOJOTITYHHMHU
3apsimamu n = 1, 2 popmye B 30HI DpeHens moine, B SKOMY 3 SBISAE€THCS a3UMyTallbHA KOMIIOHEHTa. PamianpHa Ta
MO3/IOBXHS KOMIIOHEHTH 30epiraroTbCsi, MPUYOMY BHECOK I03Z0BKHBOT KOMIIOHEHTH y CyMapHy TIOTYXHICTb
3aNMIIAEThCS He3HAuHUM. J[inst 3apsany n = | MakcuMyM iHTEHCHBHOCTI MOJISL PO3TAIIOBAHUN HA OCi, TOM1 K s n = 0
in =2 po3nojin moyis HaOyBa€e KUTBIEBOT CTPYKTYpU. MakcUMallbHi 3HAYCHHS IHTCHCHUBHOCTI CIIOCTEPIraroThCs MpU
n =1, Tomi sSIK I n = 2 BOHM 3MEHINYIOTBCsA. BizyanizoBaHo (a30Bi PO3MOAUIM MOMEPEUYHUX KOMIIOHEHT ITOJIS
BUXPOBUX JIa3epHHUX IMyUKiB. /sl TOmoJIOrigHOTO 3apsiay n = 1 crocTepiraeThes iX OJHOIENIOCTKOBA TBUHTONOIOHA
CTPYKTYpa, a Iuii n = 2 — JBONEIIOCTKOBA 3 OUIBII BHUPaXEHHUMHU CIIPAIbHUMU 3aKPYTKaMH a3UMYTaJIbHOT
KOMIIOHEHTH JUISl BCIX JOCIIDKYBAaHUX MOJI.

KoarouoBi ciioBa: BUXpOBHI My4OK, TepareploBHil Jiazep, AICNEeKTPUYHUN pe30HATOp, MOIH, (a3oBa IUIACTHUHKA,
MOLIMPEHHSL.
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