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are searched for. Relevant eigenmodes are formulated in terms of characteristic frequencies
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1. Introduction

Negative index materials (NIMs), also known as left-
handed materials (LHMs) or metamaterials (MTMSs)
were first introduced by Veselago [1], and experi-
mentally verified by Shelby etal. [2]. Pendry etal.
showed that NIMs can be designed artificially [3], and
carried out exclusive research on NIMs and negative
refraction [4-6]. NIMs are different from conventional
right-handed material, and have negative permittivity and
permeability [7, 8] simultaneously so they are referred to
as double-negative medium. They are artificial materials
that are not available in nature and have numerous
features. It is known from the literature that various
properties and applications of LHM, or MTMs, have
been researched for more than several decades [9-19]. In
NIMs, negative refraction is theoretically proposed as a
result of relevant calculations and is also experimentally
observed [20-23].

Waveguides as essential elements of photonics have
a large background in research regarding electromagnetic
waves and modes. Various analytical and numerical
studies of waveguide theory, waveguides, and numerous
applications are available in the literature [24-27]. In
cases where metamaterial or LHM are used as a medium
for waveguides with double positive (DPS), single
negative (SNG), or double negative (DNG) variations for

the claddings and substrates as different options, they
show interesting properties [28-30].

The Kerr media have third-order nonlinearity due
to the quadratic effect of an electric field as a nonlinear
factor in the evolution equation of the propagation which
is known as the Kerr effect. It is one of the widely
investigated media in nonlinear optics and integrated
optics [31-35].

Planar waveguides with Kerr-type nonlinear media
make possible the existence of modes, which are not
present in natural material [36-38]. Various slab
waveguide structures with DNG core and DPS, SNG, and
DNG claddings or substrates were subject to studies and
research before, [40-46], and some of the investigations
done include multilayer waveguides [47-50].

In this paper, we present the evolution equation for
a DNG slab waveguide with Kerr-type nonlinearity,
mention shortly the general solutions, and present some
special solutions considering DPS cladding and substrate,
searching for the transverse electric (TE) modes, and
compare the results based on analytic and numerical
results. Finally, we look for the characteristic frequencies
corresponding to the eigenmodes as solutions of the
dispersion relation. Characteristic frequencies directly
obtained from the dispersion equation are not tried before
to the best of our knowledge, and this is a new
application.
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Fig. 1. Slab waveguide with negative-index core and
conventional claddings.

2. Evolution equation for a slab waveguide with
a Kerr-type core

As known from photonics, in a slab waveguide with
wave propagation in z direction, and x as the transverse
direction assuming the refractive index to change only in
that direction, TE modes will have just a y-component
depending spatially only in x.

Fig. 1 shows such a slab waveguide structure with a
negative-index core with a width of 2a and z axis in the
center of that core. It is worth not forgetting that the
waveguide is assumed to be infinite in y and z directions
and that we restrict ourselves to the linear conventional
materials for cladding and substrate.

We use for the core material a medium that shows
Kerr-type nonlinearity so that the nonlinear term

2 - - .
DNL=ocE|E| must be considered in expressions and

added as the nonlinear term of the displacement field
[35]. In this case, the refractive index of the core being

2
Jf
where Ey; is the y-component of the field in the core, &,
and p are the negative permittivity and permeability, and
ay is the nonlinear coefficient [46, 50].

In this waveguide with 2a width, i.e. -a <x <a, the
component of the electric field in the y direction can be
written as E:§/Ey(x)[ejBZ +e e where e is
the time-harmonic excitation [40]. Here, B is the
propagation constant in the longitudinal direction and ®
is the angular frequency. Without loss of generality,
eliminating the complex conjugate since the result will
not change, the equation will be E :yEy(x) ellPet),

Considering the Kerr effect, introducing the dimen-
sionless variables u=kyx, q=pB/k, and remembering
that k, =w/c is the wave number in vacuum with ¢

being the speed of light in vacuum, the evolution
equation for Ey(x) is derived for the TE mode as [50]

nonlinear will be expressed as nf:slp1:a1|E

O°E, 2
8u2y +|:Ki2+ni|Eyi| }Eyi =0, @)

with i = 1, 2, 3 for core, substrate, and cladding,
respectively. Eq. (1) is a nonlinear Helmholtz equation in
one dimension [31, 35]. Here, m; is a coefficient
representing the Kerr-effect contribution to the core
depending on the permeability p;. For the general case
with Kerr medium in all three layers, corresponding
coefficients for cladding and substrate will be n; and np,
respectively. The coefficients m; are determined
observing the effects of the nonlinear medium and are
related to frequency-dependent permittivity and
permeability.

The equation for the TM mode can be obtained
similarly by making the necessary transformation in
interchanging permittivity ¢ and permeability py,
respectively, with p; and €;, and Ey; with Hy, [36].

If all three layers are nonlinear and dispersive, the

2

transverse wave parameter i, =/ & (o), (0)-q? as

well as the parameters i, =0 —&;(®)us(0) and

K, =4/ 4* —&,(®)u,(w) are dependent on the wave

number, with permittivity and permeability being
dependent on the frequency.

3. General solutions of the evolution equation

The solutions for oscillating guided modes are possible if
n’>n? and n’>n; , where n,>ns For the slab
waveguide described in Fig. 1, the cladding and the
substrate are conventionally linear materials. Hence, the
coefficients nz; and m, become both 0, and m =,
satisfying the equation g =¢;,= oc1|Eyi|2, where gqi, IS

the linear part of the permittivity. The electric field
profiles for all three regions can be written as [42, 44]

E,q(U)= Eppe™t ), (2a)
E,,(u)= Egscos(i,u +¢), (2b)
E ()= B, @)

where Egs, Eg, and Ep, are field amplitudes in the
cladding, core, and substrate, respectively.

3.1. Solutions for guided modes

For oscillating guided modes, k; needs to be real so that
&M, =N’ >0’ . Phase shift ¢ in the core can be expressed
as ¢ = ax, +arctan(— i, /K1, ).

At the interfaces, it is obvious that electric fields
must be identical, and that their first derivatives should
be continuous. Consequently, at the interface between
core and cladding, in other words, when u = a, boundary
conditions E=E,; and pq_[dEy3/du]: [T [dEyl/du]
must be satisfied [51].

Similarly, at the interface between core and
substrate, Ey, = Ey;, and their first derivatives should be
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continuous. Applying boundary conditions leads to the
dispersion equation given as

2k, a=mn+tan™ [@j +tan™ (&] :
EELN] MoKy

This equation is transcendental and cannot be
solved analytically. Newton—Raphson or Bisection
methods can be used to solve this problem for «;,
determining the eigenmodes.

Egs. (2) determine the complete field profile for all
three layers. For a numerical result or a graphical demon-
stration, the field amplitudes need to be found for rele-
vant “a” and “—a” values. A normalization using these
amplitudes is necessary for obviate of very small numbers.

The electric field profile for the above
solution with normalized fields E,,,(u)=b, (E,s/Ey) .

Eyln(u)zbl(Eyl/EOI) , and Ey2n(u)=bz(Ey2/Eoz) is
given for a=1 in Fig. 2 where b; are normalization
constants depending on the amplitudes.

From the boundary conditions, using continuity,
we see that Eg =Ey (1, )sin(ax, +¢) and similarly

Ep = En(-x;)sin(~ax, +¢),  which  results  in
sign(b,) = -sign(b,). For the field profile of TE; in the

symmetric case, we take as an example the parameters
k3=kp,=1, and a wave number corresponding to
€ =& =W =uz=— =1, which is common in the
literature [35, 36, 42]. The transverse wave parameter is
taken as k; = 1.5, and the boundary value at maximum
shift, i.e., =-m/2 is used for easiness without losing

generality as ¢=-mmn/2 is valid at the boundaries for

other modes as well. In this example, with m as the mode
number, b, = —bsz = —b; = (-1)" is taken just for simplicity
considering even modes and odd modes to show different
behaviors. From Egs. (2) and (3), we see that with the
cladding being symmetric and double positive for the
above parameters, only TE; exists, which is a special
case determined by the selected parameters for
permittivity, permeability, and transverse wave number.
If we take k; = 3, other parameters being the same, this
time TE, will exist. Other profiles, which can be
demonstrated for different combinations of permittivity,
permeability, and transverse wave numbers result in
more than one TE profile.

Our investigation is to find the characteristic
frequencies allowing the oscillating guided modes in the
waveguide. For this solution, we need to use a model
regarding the refractive index dependence on the angular
frequency, and, consequently, on the wave number.

3.2. Solutions for frequencies using models of
dispersive cases

In media with losses, both the permittivity and
the permeability are complex. In other words, they
can be written with their real and imaginary parts as
81((9):81Re ((D)"' jallm((’o) and H1(0)): Hire (Q))"‘ j“um(m)
[43] and the main parameter responsible for the losses is
generally the imaginary part of the permeability.

©)
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Fig. 2. Normalized electric field profiles for a = 1; a) for TE;
with «; = 1.5, b) for TE, with «; = 3.0, c) for TE; with k; = 4.5,
and d) for TE, with k; = 6.3.
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In cases of Kerr-type nonlinearities, the Drude
model can be wused for which permittivity and
permeability are expressed respectively in a general way

for the lossy media as &,(0)=1-a? olo+jr,) |

1y (0)=1-Fof /o(o+ jy,) in the frequency domain
[16, 41], where v, is the damping coefficient responsible
for the losses. Its value differs according to the material
in question. The so-called filling parameter F, a constant
indicating the volumetric ratio of the magnetic portion
gives an idea about the ratio between permittivity and
permeability and is usually taken as 0.56 in the literature
[27]. It can be defined as the volume occupied by split
rings to the unit cell volume for metamaterials.

For the solution in this paper, the high-frequency
region is considered so that ®>>y, and the
lossless Drude model is assumed, i.e., the damping
ratio is taken as zero (y, = 0) so that &(0)=1-wf, /o’

ty(w)=1-w},/@* can be used for permittivity and

permeability, respectively. The losses are actually
important in nonlinear media, but especially in
microwave region the losses can be negligible.

Nowadays, it is possible to artificially manufacture
metamaterials, and especially for very low values of the
imaginary parts of € and p, losses can be considered
negligible so that the lossless Drude model assumption is
acceptable [52]. Using this approach, the solutions for the
characteristic  wave numbers or corresponding
frequencies are searched for regarding the assumption
that electronic plasma frequency is related to the
magnetic  plasma frequency as o} =} =20,
considering the usual parameter F to be approximately
the same as in the lossless Drude model complying with
the value given in the literature. As permittivity and
permeability are both negative for the metamaterials in
question, it is obvious that emy > yp.

Defining a normalized frequency w = @/@mp, We see
first how the relation between the constants and w are for
the lossless Drude model case with the plasma frequency
assumptions above, and find the expression for «;. Fig. 3
shows the relation between normalized frequency and the
parameters permeability and permittivity as well as its
relation to longitudinal normalized wave number g and
the transverse wave parameter ;. In our example, we
assume the normalized wave number q can be taken
independently of w for simplicity regarding that it is
normalized with the vacuum wave number, and that
special discrete values of g can be found.

To proceed for  the solution,  with

i =\/ (l—]/wz)(l—z/wz)—q2 , Eq. (3) is rewritten as

2 (Wz—l)(wz—l)—wzq2 =

[w

T _
=m—+tan

? o  ~ 1) —1)-wiq?

w? -1

, (4)
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Fig. 3. Variables depending on normalized angular frequency
w: a) permittivity g and permeability py, b) 3-D graphics of
dependences between g, w, and k; for the theoretical
assumption of continuous g values.

using the lossless Drude model for the core, and a
symmetric cladding with k3=x,=1 for simplicity. We
look for solutions noting that it is possible for k; > 0, if
we are searching guided waves. This is valid for a certain
interval of g values only. Otherwise, i.e., if x; is
imaginary, the outcome will be the propagation of
surface waves which are evanescent waves traveling
along boundaries.

4. Numerical results

The graphical and numerical solution of Eq. (4) shows
that frequencies for making possible the fundamental
mode exist are not available, neither for different values
of a nor for any value of the normalized wave number g
as k3> 0. The graphical solutions for a=1 and a=2 are
given for TE; to TE,4 in Fig. 4.

The findings regarding the solution of Eq. (4) have
shown the discrete nature of the characteristic
frequencies for the eigenmodes to exist. While searching
for solutions for a=1 and a = 2 with the given discrete
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Fig. 4. The graphical solutions for TE mode frequencies of the dispersion equation for different wavenumbers and core widths.
Fora=1:a) TEy, b) TE,, ¢) TEs, for a = 2: d) TE,, €) TE,, f) TEs. (Color online)

normalized wave numbers g =1.1 to 1.9, we have seen sensitivity equal to 10°° are used in the calculations. A
that there is no converging result for the fundamental list of the characteristic frequencies considering om, > ©
mode, and only two results for TE; in the case of the is given in Tables 1 and 2 below.
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Table 1. Normalized characteristic frequencies of the
eigenmodes for a=1 with given q and m values. The
abbreviation NA means “Not Available”.

q m=1 m=2 m=3 m=4
1.1 | 0.730182 | 0.477866 | 0.318248 | 0.231202
1.2 | 0.712638 | 0.475101 | 0.317393 | 0.230863
13 NA 0.472070 | 0.316463 | 0.230494
14 NA 0.468773 | 0.315459 | 0.230097
15 NA 0.465204 | 0.314381 | 0.229670
1.6 NA 0.461360 | 0.313229 | 0.229215
17 NA 0.457239 | 0.312003 | 0.228730
1.8 NA 0.452843 | 0.310704 | 0.228217
19 NA 0.448170 | 0.309332 | 0.227676

Table 2. Normalized characteristic frequencies of the

eigenmodes for a=2 with given q and m values. The
abbreviation NA means “Not Available”.

q m=1 m=2 m=3 m=4
11| NA 0.662821 0.521938 0.411392
1.2 | NA 0.650989 0.517378 0.409306
13| NA 0.638243 0.512435 0.407045
14| NA 0.624692 0.507117 0.404610
15| NA 0.610478 0.501435 0.402003
1.6 | NA 0.595772 0.495402 0.399229
1.7 NA 0.580761 0.489036 0.396289
18| NA 0.565627 0.482360 0.393188
19| NA 0.550536 0.475397 0.389930

5. Conclusions

In this paper, a slab waveguide with DPS symmetrical
cladding and DNG core has been taken as the guiding
structure considering the Kerr-type nonlinearity effect.
The guided TE modes in the core are investigated. After
summarizing the evolution equation for the general Kerr-
type NIM core and conventional cladding using the
normalized variables, and touching briefly on its
solutions, the dispersion equation for the symmetric
cladding is given. Using the lossless Drude model for the
permittivity and permeability, the solutions for the
characteristic frequencies of the eigenmodes are searched
for considering only oscillating modes avoiding solutions
for surface waves. In the analysis, a new application is
used and characteristic frequencies are found directly
from the numerical solution of the dispersion equation. It
is seen from the graphical solution that characteristic
frequencies of the modes decrease with the increase in
the wave and mode numbers. The first result shows that
the fundamental mode vanishes as characteristic
frequencies for that mode do not exist. Contrary to the
wavenumbers, the increase in the core width causes an
increase in the characteristic frequencies for the same
mode and wave numbers.

The research for waveguides and especially
metamaterials will for sure increase in numbers and the
novel outcomes in both fields will not be surprising.
There is, however, a trend of the waveguides
investigation morely using conventional materials, and a
trend of the study on metamaterials considering their
structure, properties, and production methods. If one
considers the various waveguides types with the
metamaterial as a DNG medium for different core,
cladding, and substrate structures, the further properties
of electromagnetic waveguiding and application
possibilities will be discovered surely. This is a field
open both for improvement and development.
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XapakTepuCTH4YHi 4YacTOTH MONEPEYHHMX eJIeKTPUYHHX MOJA Y NOABIHHOMY HeraTUBHOMY ILUIAHAPHOMY
XBHJIEBO/I 3 KeppiBChbKOI0 HeliHilHiCTIO

A. Yalcinkaya, A. Cetin

AHoTanis. [y eJIeKTPUYHOrO IMOJIi OTPUMAHO PIBHSHHS €BOJIIOLII HANPSIMICHUX TOMCPEYHUX CICKTPUYHUX MO y
IUTAHAPHOMY XBWJICBOJAI 3 TIOJBIMHUM HETaTUBHUM CEPJCYHUKOM. 3IIHCHEHO IOMIYK CHCI[albHUX pPO3B’SA3KIiB
JUCIIEPCIHHOTO PIBHSHHS Ui BHUIAAKY 3 TOJBIHOK MMO3UTHBHOI CHMETPHYHOKO OOONOHKOK. BimmoBimHi BiacHi
MO COPMYIILOBaHI B TEPMiHAX XapaKTEPHHUX YACTOT K HOBHI METOJ, 1 Il YaCTOTH, IO BiAMOBIIAIOTH OCIFUTIOIOYHM
CIPSIMOBAHUM MOJaM, 3HAWCHI JUTS Pi3HUX XBUJIBOBHX YHCEN 1 HMIMPUH spa, IPUITYCKaIOYH, 1110 Mozeib pyae 6e3
BTpAT MOKe OYTH BUKOPHCTaHA JJIsi OCHOBHOTO CepeOBHINA 3 HeNiHiiHIcTIO THIy Keppa. Pe3ynprati mokasyroTs, mo
HOPMOBaHI XapaKTePUCTUIHI YaCTOTH 3POCTAIOTH 31 301IbIIEHHSIM XBIJILOBHAX YHCET 1 HOMEPIB MOI.

KiouoBi ciioBa: 1uiaHapHUil XBHIJIEBIJ, IONEpEYHI MOJM, XapaKTEPUCTUYHI YaCTOTH, KEPpIBCbKa HENiHIHHICTb,
MeTaMaTepiaiu.
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