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Abstract. Wave characteristics of vortex laser beams during their tight focusing have been
theoretically studied. The Rayleigh—-Sommerfeld theory was used to describe propagation
in free space of laser beams excited by the modes of a waveguide dielectric resonator. It is
shown that at the topological charge of the spiral phase plate n = 0, the studied EH;; mode
has a maximum of radiation intensity on the axis. Introduction of a topological charge leads
to the appearance of a minimum of radiation intensity on the axis as well as to the increase
in the size of the focal spot. However, for the TE,; mode with the topological charges n =0
and n =2, the intensity distribution retains a ring shape, while at n =1 the beam profile
turns into the Gaussian-like one. The wave front in the focal region of the lens for the
components of the EH;; and TEy; modes transforms from spherical to spiral one with

increasing the topological charge.
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1. Introduction

In recent decades, the problems of formation,
propagation and focusing of terahertz (THz) wave beams
have been actively considered [1-3]. At this, vortex laser
beams play an important role due to their uniqueness.
Their feature is the spiral structure of the wavefront,
which ensures presence of an orbital wave momentum
with a large number of states and additional degrees of
freedom [4-6]. Vortex laser beams have great potential
for application in high-speed multiplex THz
communication systems, tomography, materials research,
electron bunch acceleration and astrophysics [7-11].

The key methods for generating terahertz vortex
beams use two principles: wavefront modulation using
special external devices and direct excitation of vortex
beams at the resonator output. Extracavity wavefront
modulation methods are based on a wide range of optical
elements, including spiral phase plates, achromatic
polarization elements and computer holograms [12-19].
On the other hand, direct excitation of vortex beams in a
laser cavity can be accomplished through optical
rectification and multi-frequency generation [20-22].

One of the most well-known optical elements for
creating vortex beams is a spiral phase plate with an
azimuthally varying thickness [23]. This element works

by directly imposing a helical phase shift on the incident
laser beam, effectively converting virtually all of the
incident radiation energy into a vortex beam.

Focused vortex beams with a spiral distribution of
the wavefront phases reveal features that are absent in
conventional Gaussian beams. These properties of vortex
beams can be applied in a wide range of industries,
including quantum information processing [24],
astronomical detection [25] and optical processing [26].
Moreover, when a focused vortex beam with a
predetermined focal plane acts on a particle, the orbital
angular momentum carried by the beam can be
transferred to the particle. This process provides a high
degree of flexibility to manipulate the rotation and
movement of this particle [27].

Studies of the properties of tightly focused vortex
beams have attracted attention of many scientists in
recent years, because they make it possible not only to
obtain a focal spot that does not diverge at a certain
distance, but also to change the coherence of the incident
light [28]. It has been shown that the intensity
distribution near the focus as well as the corresponding
angular orbital momentum depend not only on the
numerical aperture and initial polarization angle, but also
on the topological charge of the vortex beam [29].
Moreover, tight focusing of linearly, radially and
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azimuthally polarized light demonstrates a number of
non-trivial effects, such as the Hall effect and others
[30-34]. However, all these studies were carried out in
the optical range.

There are only a few known works that study
focusing of vortex beams in the terahertz range. In [35], a
series of spintronic terahertz emitters with a spiral
Fresnel zone plate was developed to directly generate
focused terahertz vortex beams with different topological
charges. The authors [36] proposed a metasurface that
can be used to focus incident waves with arbitrary
polarization states into a vortex beam carrying the same
topological charge.

In these studies, broadband radiation from
subpicosecond pulse generators based on femtosecond
lasers is used. This approach leads to difficulties in the
production of laser systems, and the effects of the
interaction of pulsed radiation with matter are
significantly different from the effects characteristic of
continuous radiation. Molecular lasers with optical
pumping are currently the only compact sources of
continuous terahertz radiation that can be discretely
tunable over the entire terahertz range and have a narrow
spectral line. Increasing interest in such sources is
associated with the possibility of using tunable mid-IR
quantum cascade lasers to pump them [37]. Molecular
lasers often use waveguide resonators, which make it
possible to obtain a power of up to 1 W in a continuous
regime at relatively small cavity sizes [38]. Among the
resonator modes, the EH;; mode with linear polarization
and the TEy; mode with azimuthal polarization have the
lowest energy losses [39].

The purpose of this work is to obtain analytical
expressions for describing the components of the
radiation fields formed by the modes of a waveguide
dielectric resonator of a terahertz laser in the focal region
of the lens as well as to study the physical features of the
obtained vortex beams when they are tightly focused.

2. Theoretical relations

Propagation of laser radiation in a free space along the 0z

where k = 2z/A is the wave number, X is the wavelength,
(py, @) are the polar coordinates in the region where the

input field is specified, and E; (p,,¢) and E%(p,, ) are
the complex amplitudes of the x and y components of the

input electric field, respectively, r, = /p? + 27 .

The modes of the studied dielectric resonator
coincide with the modes of a hollow circular dielectric
in the initial plane we define

waveguide. Therefore,

radiation in the form of symmetric linearly and
azimuthally polarized EHy;; and TEy,  modes,
respectively. The expressions for the Cartesian

components of electromagnetic fields of these modes in

the source plane z = 0 have the following form [39]:
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Ex (P 9)=0,
ES(PO:(P)Z Au‘]o(uu%)}v
TEp: mode

Po )
Ey(po.0)= —Bol\]l(Um:‘)]sm 0,

P
ES(POv(P) = 801J1[U01?OJCOS(P,

where a is the radius of the waveguide, J, and J; are
the Bessel functions of the first kind, U;; and U, are
the first roots of the equations J,(x)=0 and J,(x)=0,

respectively, A= and By, =

1 1
a\/EJ1(U11) a\/;‘]z(um

are the normalizing factors for the EH;; and TEy; modes,

respectively.

Consider the interaction of these modes with a
spiral phase plate (SPP) with an arbitrary topological
charge (n) [41]. Let us place the SPP with an aperture of
the same radius a at the output of a waveguide (Fig. 1).
The complex transmittance function of this SPP in polar

coordinates has the following form [5]:
(in(p), Py =a,

axis is described by the well-known Rayleigh- T (p,,0)= cwc[pojexp(in(p):{e)(p
Sommerfeld integrals. We use the following expressions 0, Po > &,
for the field components in a cylindrical coordinate po ) . ] .
system in different diffraction zones [40]: where C'VC( 2 ) is the circular function.
(i Pa . P1Po COS(0—B)
(PpB 21)___EXp ikr IIE Po: @ )eXp 'k > lexp | —ik === |p,dp, do, (1.1)
7\.I’1 00 2n, n
(i . P1Po Cos(@—P)
y(pl,[i,zl): exp (ikr,) IIE Py ®)exp |k exp| —ik ; Podp,do, (1.2)
00 1 1
w27
E.(puB2) = eXp (ikr;) ” (s, 0)(p:00SB ~pyC05@) + EX (0, 0)(p,5in B pysin )¢
00
xexp(ik?—”}exp(—ikwjpodpod@. (1.3)
I’l 1

Degtyarev A.V., Dubinin M.M., Maslov V.O. et al. Ti

ght focusing of terahertz vortex beams formed by laser ...
329



SPQEO, 2024. V. 27, No 3. P. 328-336.

dielectric
resonator

spiral phase

7 plate

Fig. 1. Scheme of the calculation model of laser beam focusing.

To simplify the calculations, integration over the
angle ¢ in (3) may be performed using the known
relationships for the integer m > 0 from [42]:

2n

jcos(m<p+ 0, Jexp [~ixcos(p—6)dg] =

0

=2n(=i)"J,,(x)cos(me + @y ),

2n
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0
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We can get the following relation from here:
2n
J‘e"x“’s(‘“’“) e™dp=2me™ (i)' J, (x). (5)

0

Using the Euler formulas and taking into account
Eqg. (5), we obtain the following expressions:
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Substituting the expression for the complex

transmittance function of the SPP (4) into (1) and using
the formulas (5) and (6.1), we obtain the expressions for
the field components that describe nonparaxial
diffraction of the EH;; mode by SPP with a topological
charge n in a free space at a distance z; from the end of
the waveguide:
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Also, using the formulas (6.1) and (6.2), we obtain
the following expressions for the field components that
describe nonparaxial diffraction of the TEy mode on the
SPP:
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We describe the field at the input and output
of a lens wusing the phase correction function

(8.3)

H 2
U(pl):exp(%J , Where F is the focal length of the

lens. By applying again the Rayleigh—-Sommerfeld
integral transformations (1) to the components of the
electric field strength vector (7) and (8), found after
phase correction, we obtain the analytical expressions for
the transverse and longitudinal field components of the
studied modes in the focal region of the lens.

The field components for the linearly polarized
EH;; mode at a distance z, from the lens have the
following form:

Degtyarev A.V., Dubinin M.M., Maslov V.O. et al. Tight focusing of terahertz vortex beams formed by laser ...

330



SPQEO, 2024. V. 27, No 3. P. 328-336.

E.(p,.0,2,)=0, (9.1)

£, 20.2,)= KB i 4k ),

< Wexp{ik[q +§—;ﬂJn(x)u (51) P dpy. (92
(-if"k?*z, ..

Ez(pz’evzz):r—zeXp['(ne"'krz)]Anx

N p,sin0J, (x)+

[t o) p, [ explion, )+ 11

0 ! 2 | +exp(-i0)d, ,(x)

2
XGXp{ikS—;JU (p1) pydps 93

2

where (p,,0,2,) are the cylindrical coordinates in the focal

. k
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field components for the azimuthally polarized TEy; mode
at a distance z, from the lens have the following form:
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3. Calculation results and discussion

Using the expressions (9) and (10) obtained above, we
calculated the longitudinal and transverse distributions of

the total field intensity [I:|EX|2+|Ey|2+|EZ|2j and

phase (¢ =arctg(Im(E, )/Re(E;)), i = x, y, z) for laser
radiation beams formed by the modes of the dielectric
waveguide resonator of a terahertz laser during their
interaction with SPP and tight focusing in a free space.
The calculations were carried out for the axisymmetric
linearly polarized EH;; mode and the azimuthally
polarized TEy; mode. The transverse distributions of the
field intensity and phase for the longitudinal component
are not provided due to their insignificant influence on
the total radiation intensity [43]. The radiation
wavelength in the calculations was A = 432.6 um (the
generation line of an HCOOH THz laser with optical
pumping). The waveguide diameter was 2a; = 35 mm.
SPP with an aperture of the same diameter was placed at
the waveguide output. In this case, the topological charge
n of SPP was equal to 0, 1, and 2. The diameter of the
lens was 2a, = 50 mm. The focal length of the lens F was
selected in accordance with the condition of tight
focusing [44] (numerical aperture of the lens NA = 0.69).
For complete beam interception, the distance between the
SPP and the lens was z; =300 mm. The calculation
results are shown in Figs. 2to 7.

Fig. 2 shows the distributions of the field intensity
of the linearly polarized EH;; mode along the z axis
with tight focusing for the SPP topological charges
n=0, 1, and 2. Calculations of the diameters d and the
lengths I, of the focal region along the z axis for the
studied beams were carried out at a maximum field
intensity equal to 0.5. Note that the initial EH;; mode at
n =0 is focused into a spot with a diameter d = 0.51 mm
at a distance z = 37.1 mm from the lens plane. The length
of the focal area is I, = 3.3 mm. The vortex beam at n =1
is focused into a ring with a diameter d = 1.21 mm at a
distance z = 37.4 mm. The length of the focal region is
l,=4.2 mm. The vortex beam at n=2 is focused into
a ring with a diameter d= 1.57mm at a distance
z = 39.05 mm. The length of the focal area is I, = 5.8 mm.
The hollow channel in the tubular structure of the focal
region for n =0 and n =2 has local expansions near the
focal plane.

It can be seen from Fig. 2 that at the topological
charge of SPP n =0, the mode under study has a maxi-
mum radiation intensity on the axis. Introduction of the
topological charge n=1 results in a minimum radiation
intensity on the axis as well as an increase in the size of
the focal spot. Increasing the topological charge to n =2
further increases the size of the focal spot.

The field intensity and phase distributions in the
cross-section of the focal region of the lens for the field
component E, in the case of the topological charges
n=0,1,and 2 are shown in Fig. 3. These distributions
are plotted in the region of the maximum field intensity.
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Fig. 2. Calculated longitudinal distributions of the field intensity of the EHy; mode in the lens focal region for the topological charges

n=0(al), 1 (a2), and 2 (a3). (Color online)
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Fig. 3. Calculated transverse distributions of the field intensity (al — a3) and phase (b1 — b3) of the field component E, for the EHy;
mode in the lens focal region for the topological charges n = 0 (a1, bl), 1 (a2, b2), and 2 (a3, b3). (Color online)

It can be seen from this figure that the wavefront in the
focal region of the lens transforms from spherical to
spiral with increasing the topological charge. A vortex
beam with the charge n =1 has one helical branch and a
vortex beam with the charge n=2 has two helical
branches. The phase singularity points are located in the
minimum of the field intensity.

Fig. 4 shows the field intensity distributions along
the z axis of the azimuthally polarized TEy; mode with
tight focusing for the topological charges n =0, 1, and 2.
Note that the original TEy; mode (n = 0) is focused into a
ring with a diameter d = 1.08 mm and the length of the
focal region is I,= 3.35 mm. The vortex beam withn=1
is focused into a spot with a diameter d = 0.45 mm. Here,
the extension of the focal region is I,= 3.05 mm. The
vortex beam at n=2 is focused into a ring with a
diameter d = 1.32 mm. The length of the focal region is

I, = 4.75 mm. The hollow channel in the tubular structure
of the focal region for n=0 and n=2 has no local
expansions near the focal plane. For all the topological
charges, the area of the maximum intensity is formed at
the same distance from the lens, z = 37.25 mm. It can be
seen from Fig. 4 that at the topological charges n = 0 and
n = 2 the intensity distribution retains a ring shape, and at
n = 1 the beam profile becomes Gaussian-like.

Fig. 5 shows the calculated transverse distributions
of the field intensity and phase for individual radiation
components of the TEy; mode in the focal region of the
lens for the topological charges n = 0, 1, and 2. It can be
seen from this figure that a vortex beam with the charge
n=1 has two helical branches and a vortex beam with
the charge n = 2 has three helical branches. The points of
phase singularity are located in the field intensity
minimum.
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Fig. 4. Calculated longitudinal distributions of the field intensity of the TEq; mode in the lens focal region for the topological charges
n=0(al), 1 (a2), and 2 (a3). (Color online)
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4. Conclusions

In this paper, the wave characteristics of vortex laser
beams at their tight focusing are investigated using the
Rayleigh—-Sommerfeld vector theory. The laser beams
were formed by the modes of a waveguide dielectric
resonator of a terahertz laser.

It is shown that at the topological charge of SPP
n =0, the studied EH;; mode has a maximum of the
radiation intensity on the axis. Introduction of a
topological charge leads to appearance of a minimum of
radiation intensity on the axis as well as to increase in the
size of the focal spot. However, for the TEy; mode with
the topological charges n=0 and n=2, the intensity
distribution retains a ring shape, and at n =1 the beam
profile turns into the Gaussian-like one. It should be noted
that for all the topological charges, the region of the field
intensity maximum for the TEy mode is formed at the
same distance from the lens, in contrast to the EH;; mode.

The wave front in the focal region of the lens for the
components of the EHy; and TEy; modes transforms from
spherical to spiral one with increasing the topological
charge. The vortex beam for the component E, of EHy;
mode with the charge n =1 has one helical branch and
with the charge n = 2 two helical branches. For the trans-
verse components of the TEy; mode, two and three helical
branches are observed, respectively. The points of phase
singularity both for the components of the EHy; and TEy;
modes are located in the minimum of the field intensity.
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I'octpe doxycyBaHHS TeparepuoBUX BUXPOBHX MY4KiB, C()OPMOBAHHUX JIA3ePHUM JieJIeKTPHYHUM Pe30HATOPOM
A.B. lerrsipsoB, M.M. [Iy6inin, B.O. MacJos, K.I. MynTsin, O.0. CBuctyHon

AHoTanisgs. TeopeTHyHO AOCHIIKEHO XBIJIHOBI XapaKTEPHUCTHKH BHXPOBHX JIA3€PHHUX IIYUKIiB TNPH iX TOCTPOMY
(>xkopcTtrkoMy) (okycyBauHi. [l OMKMCY TOIMMPEHHS y BIIBHOMY TPOCTOPI Ja3epHHUX MYydYKiB, 30Y/KEHHX MOIaMH
XBWJICBITHOTO JIi€JIEKTPHYHOTO pe30HaTopa, Oyiio BHKOpHCTaHO Teopito Penes—3ommepdensaa. Ilokazano, mo mpu
TOIOJIOTIYHOMY 3apsiai cripanbhoi (a3osoi mractuan N = 0 mocmimkyBana moma EHy; Mae MakCHMyM iHTEHCHBHOCTI
BUIIPOMIHIOBAaHHs Ha OCi. BBeJeHHs TOIMOJOIiYHOro 3apsiy N MPUBOAUTH 0 BUHUKHEHHS MIHIMyMYy IHTEHCHBHOCTI
BUIIPOMIHIOBaHHs Ha OCl, & TakoX J0 30UIbIIEHHS po3Mipy ¢okanbHOoi muismMu. OpmHak mis Moau TEg mpu
TOIOJIOTTYHUX 3apsaax N =0 Ta N =2 po3nojisl IHTEHCUBHOCTI 30epirae Kublenoniony gopmy, a npu N = 1 npodins
Iy4Ka IepeXxo/InTh Y TaycCiBChbKUN. XBHIbOBUIA (QPOHT y okanbHiil obnacTi niH3M s komitoneHT Mo EHy; ta TEq
TIEPETBOPIOETHCS 31 CHEPHUIHOTO Ha CIIpaIbHUHN 31 301IBIIIEHHSM TOTOJIOTIYHOTO 3apsty.

Ki1ro4oBi ciioBa: BUXpOBI My4YKH, TepareplioBUi Jiasep, TieIeKTPHYHUN pe30HATOp, MOJH, ToCcTpe (GOKYyCYBaHHSI.
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