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1. Introduction

The dynamics of quiescent optical solitons is one of the
non-essential features in optoelectronics. This unwanted
feature is detrimental to the soliton transmission techno-
logy and is therefore a telecommunication engineer’s
nightmare. This fallout happens when the delicate ba-
lance between dispersion and nonlinearity is lost during
soliton transmission across intercontinental distances
under the ocean or underground. Therefore, the balance
must be maintained throughout all communication. One
of the sources of this fallout is that chromatic dispersion
(CD) is rendered to be nonlinear as opposed to being
linear when the solitons stay mobile. The rough handling
of fibers, as well as fiber bends and twists, lead to the
pulses propagating through the fiber getting stalled,
which leads to the formation of these quiescent solitons.
Various mathematical approaches have been
implemented in the past to recover quiescent optical
solitons from a wide range of models in optical fibers,

magneto-optic waveguides, optical couplers and others
[1-15]. However, this paper addresses the formation of
these quiescent optical solitons for the governing
nonlinear Schrodinger’s equation (NLSE) that is
considered with a few Hamiltonian perturbation terms,
which appear with arbitrary intensity. The model is
addressed with eighteen forms of self-phase modulation
(SPM) structure that appear in quantum optics in the
context of optical fibers. The temporal evolution is also
taken to be in its generalized form; thus, the case of
linear temporal evolution collapses to its special case that
was already addressed earlier [1]. The unperturbed
version of the model was addressed earlier for five forms
of SPM structure, both with linear temporal evolution as
well as generalized temporal evolution. This paper is thus
an extension/generalization of the previously reported
works. The integration algorithm, which is adopted in the
paper, is Lie symmetry as in previous works. The details
of the analysis and the results are presented and derived
after a succinct introduction to the model.
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1.1. Governing model

The dimensionless form of the NLSE with the
generalized temporal evolution and nonlinear CD and the
non—Kerr law of SPM is structured as:

ilg"), + allgl®g"),, + F(lgl*)g' =
= ila(lgl*™g"), + 8, Ugql*™).q" + 8, lg*™(g".].

In equation (1), the dependent variable g(x, t) stands
for the wave amplitude, while the independent variables
x and t represent the spatial and temporal coordinates,
respectively. The first term represents temporal evolution
where | is the generalized temporal evolution parameter
and i =+—1. The second term is the nonlinear CD,
where n represents the parameter of nonlinearity for CD.
If n=0 together with 1 =1, CD collapses to its linear
version, in which case, the solitons would be mobile. In
the third term, F represents the generalized functional
form of the non-Ker law of SPM. On the right-hand side,
the perturbation terms represent self-steepening effect
and self-frequency shift whose coefficients are given by 1
and 6; for j=1, 2, respectively. Here, the parameter m
represents arbitrary intensity. For m = 0, one recovers the
actual intensity of light.

@)

2. Mathematical analysis

To analyze equation (1) the following structure of the
quiescent solitons is selected:

g(x. ) = o) e, )

where o is the wave number and ¢ represents the
amplitude form of the wave. Substituting into (1) and
decomposing into real and imaginary parts lead to the
equations

al +nlg"* 12 (x) + all +n — DU 4+ n)p" )

w i ()3 + ¢ o [Flgp? (o)) — la] =0, (3
and
Al2m+ D)+ 2méy + 16, =0, 4

respectively.

Equation (4) serves as the parameter constraints
between the perturbation terms, the generalized temporal
evolution parameter and the arbitrary intensity parameter.
Eqg. (3) is the ordinary differential equation (ODE) that is
going to be addressed for eighteen different structures of
SPM, denoted by the functional F, and the results for the
quiescent solitons will be derived and exhibited in the
subsequent section. These results will be with additional
parameter constraints that will naturally emerge for
various forms of SPM structures.

3. Application to several SPM structures

This section will carry out the integration of ODE from
the previous section, given by (3), for eighteen different
forms of SPM structures. The Lie symmetry analysis will
be implemented for each of these models, and the
established quiescent solitons will be presented.

3.1. Kerr law

For Kerr law of nonlinearity, the functional F takes the
form:

F(lgl?) = blgl?, (5)

where b is a non-zero constant and the governing model
therefore takes the form:

ilg"), + allgl™g"),, + blglig' =
i[Algl*™q"), + 8, (gl®™).q" + 8, 11" (g"),].

while the ODE (3) simplifies to

all +nlgp"*(x)e () +all +n— 10 + nlo"(x) x
*{gp () +¢ ) {bp?(x) — lwl =10 (7

(6)

The ODE (7), along with the constraint condition
(4), permits a translational Lie symmetry o/ox that
integrates (7) to

n

e T — o 2
] 2a(l+m)[2l+n) 1 n 4+n bZl+m)a”
¢z [ia(l+r)[ FL(

n o4 Las _.T: u_‘.+:E+-r!.jn.-:L (8)

where the Gauss hypergeometric function is defined as

(&) (B, =™

" ©

with the Pochhammer symbol being

oF (e, Biyviz) = B,

_{1 n=0,
@ = +n-@+n-1 n >0 10

The condition that guarantees convergence of the
hypergeometric series is

lzl =1, (11)
which for (9) implies

w(Il+n+1) w(2l+n+1]|z
_| br2i+m | = tp{x:] = | brzi+my (12)
Finally (9) also compels the parameter constraint:
aw = 0, (13)

3.2. Power law

For power-law of nonlinearity the functional F is taken to
be

Flql*) = blgl®™, (14)

for non-zero constant b and therefore the governing
model takes the form:

f{qijt+a{_|q|“qijﬂ+b|q|‘”q‘— _
i[Allgl*™g"), + 8, Clgl*™).q" + 8,1g1*™(g") 1. (15)

while the ODE (3) simplifies to

all + nle™* xle () +all+n— 100 +n)o"(x) x
#* {o (20} + 9% () (o™ (x) — lw} = 0. (16)
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The ODE (16) along with the constraint condition
(4) permits a translational Lie symmetry o0/0x that
integrates (16) to reveal the implicit quiescent optical
soliton as

xr =

n
5
t.

[ -
I;.I:I_I.+i’!:l|_¢.L+i’!:l

n

n o brH+mgt™

am " Ipzil+mi+me

).
(17)

The condition given by (11) for the Gauss hyper-
geometric function to converge translates to

Lo

w2 (l+mi+m)

|E muj!:j[+mj+nj|ﬁ

< gix) = | (18)

il

birzi+m bizi+m

while the constraint (13) still holds.

3.3. Parabolic (cubic-quintic) law

For parabolic law of nonlinearity, the functional F takes
the form:

F(lgl*) = bylgl* + b;lql*, (19)

where bj for j = 1, 2 are nonzero constants. Therefore, the
governing model takes the form:

ilgh): + a(_lql“qi:]n + (Enllql_: + hglqli]q[_=
ililgl*™g'), + 8, {(lgl*™) q" + 8, |q]"™(g"),].

while the ODE (3) simplifies to

all + W)™ (x)e () + all +n — 1)U +n) g™ (x) x
{o' () + ¢ Gk, 0 (x) + by (x) — L} = 0. (21)

(20)

The ODE (7), along with the constraint condition
(4), permits a translational Lie symmetry o/ox that
integrates (7) to

mn —
BT |:r.'|j[+r!j[zi+nj

r=I T-'-J L

noiion+d 2(2+m+n+2)87h;

a"z'2" 4 ' by By +5; !
A ( _rzi+myzi+n+ el ) (22)
where
By =21 +n)2l +n +4) (23)
and
E, = .f-"Bl{bi.E’l + 4bolew(2l + 1 + 2)2L (24)

Here, the Appell hypergeometric function of two
variables is defined by the infinite series:

)

Fla; b bpuoxy) =
. ( o X @ B (5),
XMy

Z (€)minminl
which is convergent inside the region

(23)

m=0 n=0

max(|x].lyl) < 1, (26)
which in this case, (22) implies

[2l+miizl+n+sDalhba | [2l+mi2+n+2ieih;
mae [ R | [EREERER) < 1. (27)
One would also require from (27)
byBy + By # 0, (28)
for the implicit quiescent solitons to exist.
3.4. Dual-power law
For dual-power law, the SPM is structured as
F(lgl®) = bylgl*™ + bylql*™*2, (29)

for constants b; with j =1, 2. In this case the perturbed
NLSE is

ilg"), + allgl™gh),, + (b, lgl*™ + b,lgl*™+2)g" =

i[Allgl*™g"), + 8, (Ig|*™).q" + 8, g™ (g"),].

while the ODE (3) simplifies to

a(l +M@"  (x)e (x) +al +n -1 +m)e"(x) X

{p(0F + b ™ (x) + byp™ 2 (x) — I} = 0.
(31)

(30)

The translational Lie symmetry leads to the integral
of the ODE to give the implicit quiescent optical solitons
in quadratures as

[ a
x=+[ |-Zdg, (32)
4 E
where
A=a(l +2)(21 + )21 + m) + n} = 33)

20 +m+1) +nlep™ 2,

and
200 4m) + 21+ 14 m) + ndew £
BE=2 (20 + n)p™™ x :
{200 + m+ 1) + ndb, + {200 + m) + nlg?h.]

(34)
The criteria for the quiescent solitons to exist is given by
AB = 0. (35)

3.5. Polynomial (cubic-quintic-septic) law

For polynomial law of SPM, one writes the SPM
structure as
Fllgl®) = bylql* + b;lgl* + bslgl®, (36)

where b; for j = 1, 2, 3 are nonzero constants. Therefore,
the NLSE with the perturbation terms shape up as

ilg"); +allgl"gy + (b, lgl* + bylgl* + bslgl%)gt =
= i[A(lg]*™g"), + 8, Ugl*™).q" + 8, |g1*™(g"),]. (37)

while the ODE (3) simplifies to
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a(l +n)g" " ()¢ (x) +a(l +n —1)(+n) %
¢" (2} g (2)F* + ¢ (x) x (38)
(b 9% (x) + by9° (%) +B2¢° (x) — lw} = 0.

The ODE (38), along with the constraint condition
(4), permits a translational Lie symmetry o/ox that
integrates it to give the implicit quiescent optical
solitons, which is in terms of quadratures as given by
(32), where in this case:

A =16al®*¢" ! + 96al*e" ? + 48al*ng™ % +
S6alinle™t +176al®¢™ % + 240al®ng™ " +
32al®n?e"? + 216a*nie"™? + Q6alie™t +
352al*ng" " + Qaln®*e™ 2 + B4aln®e™ ? +
220ain®e™ "t + 14daln g™ 2 4+ an®a™ "t +

12an*ad" 2 + 44ane™? + 48anie™ "l (39)

B =16b1%¢"% + 16b,1%¢* + 16,17 ¢* + 24b, [ ng"
+24b, 1 ng* + 24b, 1P ng? + 48b, 170" + 64b,1%0% +
+80b, 2@ +12b,In%® + 12b,In%¢* + 12b, In?g?
+48byIng® + 64byIng* + 80b, Ing® + 32b, 1% +
+48b,lgp* + 96b, 1% + 2byn? " + 2bnie* + 2B, 0t
+12byn?e® + 16b,n%0* + 20byn% 0 + 16b2n0°® +
+24b,ng* + 48b,ng? — 160%w — 24%nw — 9617w —
—120%n%w — 960%nw — 1760%w — 2inw — 24in'w —
—88Inw — 96lw. 4m

The same constraint condition for the quiescent
solitons to exist as given by (35) is also valid in this case.

3.6. Triple-power law

For triple power law, the structure of SPM takes the
form:
Fllgl®) = bylgl®™ + bylq|*™** + bylql*™**, (41)

with constants b; for j =1, 2, 3. This gives the perturbed
NLSE as

ilg"); +allgl®ghy +
(b, 1gl*™ £ b, lglP™*? £ bylgl?™+4)g! = (42)
= i[i(lg|*™g"), + & Ugl*™). " + &, |gl*™(g"), 1.

while the ODE (3) simplifies to

a(l + n)p"*x)p (x)+a(l+n— 1) +n)p"(x) X
% {g ()F +¢°(x) x
{hltp:i"ﬂ{x:] + b:qb:m”{.r] 1 b!¢:m+4{x:] _ {ﬁd} =0,
(43)

The translational Lie symmetry leads to the integral
of the ODE to give the implicit quiescent optical solitons
in quadratures as given by (32) with the constraint as in
(35) where for this situation

A=16al®¢" % + 48al*ma™ 2 + 48al*¢™ 2 + 48a*na™ " + 48a¥mie" ! + 6al*me™ ! + 120a P mng™ 2
+56al®n?ep™ ™t + 32a g™ + 120a*ng" % + 16almiap"? + 48al?mi¢" % + 06aliming™ % +
108al*mnie™ ?32a Pme™ ? + 192a P mne™* + 32al’n®@™ % + 108a*n’¢™ 7 + 64alng" 7 +
24alm®ng" t60alminie™ "t + T2alming™ "t + 42almn?e™ ! + 120almn’e™ ! + 48almng™ " +
Qalne™ %+ 42aln?e"™  + 40aln?e" 18aminie™ 2 + 12amne™ ! + 24aminia™? + 6amnie™ Tl
+24amnig" 16amniep™ tan®ep"? + Gan®*d" I + Sanie" L,

(44)

B =16b, %™ + 160,79 ™2 £ 16b, 1% ™™ + 245, [Png™ + 24b, [ Png?™+2 4 24 b, [Png™™ +4 4+ 48b, P p*™
+32b, Pme™™ 4+ 32b, 2@ ™ £ 320, P me ™2 £ 16b, 2™ £ 32b, 2 ma™™ 4 4 16b, Im? ™™ +
16b, Im g™+ £ 16bImig?™+4 £ 12b, InTg™™ + 12b,In%@™™ T £ 12b In"@™™ 4 + 48k, Ing™ +
32b, Imng™ + 32b,Ing™™ 42 4+ 32b, Imng®™™ 2 4+ 16k, Ingy™™ 4 + 32b Imng®™ £ 32b, 1p™™ + 48, Imp™™ +
32b,Im@™™*% + 16b,Im@™™ % + 8b, m*np™ + 8b,m ne™™*2 + Bb,ming ™+ + 2b,n%p™™ + 2b,n @M *I 4+
2b,n¥@™™*4 4 8b, mn?e™™ + 12b,n @™ + 8b,mn ¢¥™*7 4 Bh,nTe*™*? 4 Bhmni@I™ e 4 4bonigptmte 4
24b,mng™ + 165, ng™™ + 16b,mng™™*2 + Bbhymng™™ 4 — 160%0 — 48 0% mw — 24w — 480%w — 481%m%w —
481 mnew — 960%mw —121%n%w — 48%nw — 321%w — 16lm*w — 24lm*nw —48lm w — 12Imn w — 48Imnw —

32Ime — 2Infw — 12In%w — 16w,

(45)

3.7. Cubic-quintic-septic-nonic law

For cubic-quintic-septic-nonic law of SPM, the nonlinear
refractive index change is given as

Fllgl*} = bylql* + b;lql* + bslql® + b,lql*, (46)

where bj for 1 <j < 4 are real-valued constants. With this
form of SPM the governing NLSE is

ilgh);: + allgl™g. +

(b,lgl* + bylgl* + bylgl® + b,lgl®)g" = (47)
ilAlgl®™g"), + 8,(lql*™)q" + 811" (g"),1.

while the ODE (3) simplifies to

all + )™ ) () +all +n— DU + n)o™(x) x
o (0F + 20* (ib, ™ () + bp*x) +

b2 (x) + by (x) — lw} = 0. (48)
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This ODE (48), along with the constraint condition
(4), permits the translational Lie symmetry as in Kerr
law. When implemented into the above ODE, the implicit
quiescent optical solitons emerge as

1 | ail+n)gm
x=x/3 | 3 bt e b }d‘i’-
_\I “\zi+n zi+n+z zi+nes zi4n+s zienes

(49)
3.8. Quadrupled-power law

For quadrupled power-law of nonlinear refractive index
change, the SPM is structured as

Fllgl®) = bylql*™ + bylql*™** &

5 5 50
blq| =+ + b lgl e, 0

for non-zero real-valued constants b; with 1 <j <4. For
this form of SPM, the governing NLSE takes the form:

ilg"), +allgl”gh,, +
'ibllﬁ'l:m ¥ b:|q|:rr.+: ¥ B!|q|:m+4 ¥ B4|q|:m+5:|q[ —
= i[Allgl*™q"), + 6, (gl*™) ,q" + 6, lg]*™(g"),].

(51)
while the ODE (3) simplifies to:

all + )" )" (x) +all +n— 1 +n) =
¢" ) ()@ () (b ™ () + bp™™ (k) (52)
+&E¢:m+4{x] + 54¢:m+5{x] _ {w} — D.

The translational Lie symmetry leads to the integral
of the ODE to give the implicit quiescent optical solitons

in quadratures as given by (32) with the constraint as in
(35) with A and B given by

A=32al%¢" % +anfe" ? +192a %" + 12an®e™? + 1laln®e™ 2 + Bamn®e™ % + 352al%e™ % +
32alPmie™? + 50aline™? + 24aminte" "t + Mane™ ! + 108aln*ed™ % + 7T2amn*e™ ! + T2almna™? +
192al¥" 2 + 128al®m¥a" 2 + 192a P mi*g™ + 120a 0% g™ 2 + 32amn®e™ 7 + 384a*nfa™ T +
144am?nie™ 7 + 168alm™n®e" t + 48an e % + 308aln®e™ ! + 256a P mnia™  + 176amng™ 1 +
S04almnie™ 4+ 102a*mia" 2 + 576al*mig™ % + 352aPmig" T + 160al*n g™ 2 + 16am nia™ T +
672a¥n%g™ % + Wbaminie™ ? + 160alm®nig™ 2 + 702a*n?a™ 2 4+ 4320 P mina™ % + 176am inip™ T +
T20alm®n®g™ % + 240aln® g™ % + 448al*fmnip™ % +1206a*mnip"™ % + 06amnia™ % + 880almnia™? +
128al®me" 1576al*me™ 2 + 704al*me™ 2 + 192aPme" 2 + 112al%n¢" % + 576al*ng™ % + 48alm*ng™ % +
880a*ng" 2 + 256a?mng" % + 288alming™ 1 + 384aling™ % + 480aFming™ T +1152aTming™ T +
528alming™ 2 + 384al*mng™ % + 1440a P mne" 2 + 1408a?mne™ % + 288almn ™2,

(53)

B =321%b,¢™ + 2nb, ™™ + 1920%b, ™™ + 32Im?b, ™™ + 16in%b, ™™ + 12mn?b, ™™ + 24n'b, ™™ +
3520%b, ™™ + 960 m b, ™™ + 192Im b, ™™ + 480170 b, ¢"™ + 24m nlh, ™™ + 144in’h, 0™ +
T2lmnh, ™™ 4+ 96mnib, ™™ + 880k, ™ + 1921h, ™ + 9613 mb, ™™ + 3841%mb, ™™ + 352Imb, "™ +
640%nb, ™™ + 16minb, ™™ + 2881%nb, ™™ + 960lminb, ™™ + 96minb, ™™ + 352Inb, ¢*™ + 14413 mnb, ¢*™
384lmnb, ™™ + 176mnb, ™™ + 96nb, @ ™ + 3214k, + 2n%b, ™™ + 16017 b, ™™ 4 + 32Imib, 0t +
1ﬁ{ﬂ!h:¢:m+: + 12mﬂ!b:q§:”‘ +2 + EUﬂ!fJ:tp:m"': + 192f:b:¢l:m +2 + gﬁ{:m:b:¢:m+: + lﬁ-[lfm:b:qh:”‘": +
4817302 by ™™ £ 24mI nZh,p™™ 2 £ 120In by ™™ T £ T2Imnth, ™™ 4 80mnh, + 480 k™I 4

0613 mbyp™™*2 + 320073 mb, ¢ ™2 + 192lm b, ™™+ + 8430k, ™ + 16minb, ™™ + 240070k, ¢t +
96Iiminb, ™™ + 80minb, ™™ + 192In b, d™™ T + 144 mnb, ™™ ¥ + 320imn by ™™ 1 + Q6mn by ™™ T +
320%b, ™™ + 2ntba ™™ + 128170 + 32ImPba ™™ + 16In% by ™™ + 12mnZha ™™ +
1ﬁ‘ﬂ!bg¢l:m +3 + gﬁ{:bg¢:m+4 + Qﬁfzm:b!:p:m +3 + 123{':'1‘?.: h!¢:m+4 + 48{:ﬂ:5!¢:m+4 + 2‘1"?‘1‘1:'?‘1: h!¢:m+4 +
06In’by ™ + 72Imn?by ™™+ 4 64mnlb ™™t + 24nby @™t 4 0617 mby @™ ™* 4 2561 mby ™ ™4 4
96Imba ™™+ + 6413 nb ™™ 4 + 16minby g™ + 1921 by ™™ + 96Im inby ™™ 4 + 64minby ™™ +
Q6lnb, ™™+ 4 144 P mnb, ™™ 4 £ 256Imn b ™™ £ 48mn b ™™t £ 321%b,0T 0 4 2nth, gt ™YE 4
96{!b4¢:m+5 + 32{‘?’71! b4¢:m+5 + 16{ﬂ254¢:m+5 + 12mﬂ254¢:m+5 + 12,”!54:;':?7. +& + 54{:b4¢:m+5 +
gﬁ{!m2h4¢lm+ﬁ + gﬁ{ml b4¢:m+ﬁ + ‘]:'E{:ﬂ:fld_tp:m-'-ﬁ + 2‘]:"?‘1‘1:?‘1:54tp:m+5 + ?2{ﬂ254¢2m+5 + ?zfmﬂ2&4¢lm+ﬁ +
48mnlh, ™™ + 160 b, ™™ 8 + 0613 mb ™™ 8 + 1920%mb, ™™ E + 64mby™™*E + 640%nb,e™™ 0 +
16minb,d™™*E £ 14418 nb, ™™ *® £ 06lmIinb, ™™ % + 48minb, "™ E + A4ink, "™ E £ 1442 mn b, ™ E
192Imnb,¢ ™8 + 32mnb,¢p ™7 — 32[%0w — 1920%w — 32Im*w — 2n*ew — 3520%w — 128 1P miw — 192Im%w —
1610w — 24Inw — 16Imn o — 1921%w — 1921%m%w — 3761 m%w — 352Im%w — 480 n w — 144" w —

48l m*nltw — 88Intw — 2602 mn’w — 144lmnew — 1280%*mw — 376 % mew — 7041 mew — 192Ime — H*nw —
288 1% nw — 64lm P nw — 3520% 1w — 1921 m new — 62881m nw — 96inw — 1923 mnew — 3761%mne — 352Imnw.

54

The parametric restriction given by (35) must hold for the quiescent solitons to exist. &9
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3.9. Anti-cubic law
For anti-cubic law of SPM, the functional F is given by

Fllgl®) =|:¢+ by lgl? + balgl*, (55)

for non-zero constants bj with j =1, 2, 3. Therefore, the
governing NLSE is written as

i(q"; + allgl"q e + (125 + balal® + blgl*) ' =
ilAgl*™q"), + 6, (Ig1*™) ,q" + 8,1g1"™(g"),],  (36)

so that the ODE given by (3) reads:

a(l + m)¢" 2 )1+ n — D' (x)F + p(x)e" (x)] +
byg®(x) + byg®lx) + by — lwe*(x) =0. (57)

By virtue of the translational Lie symmetry
supported by the ODE (57), the implicit quiescent optical

solitons is given by (32), along with the existence criteria
(35), where, in this case

A=16al®*¢"*? + 16al*g™*? + 48a*na"*? +
S6al*nia™? — 64al®e™? + 40alPng™tt +
32al%n%g™? + 36al*n’p™*? — 6dalie™? —
128al*ng™*? + Qaln*p" "% + 14alnp™? —
80aln’g™*? — 06alng™? + an®ep" 1 +

2an®@™*? — 16an?@"*? — 32anlgn*? (58)
and

B =16b,[%¢® + 165,17 g% + 165, * + 24b, P ng® +
24b,1%ne® + 24b, *n — 16b %% + 48k, 17 +

12bgin*g® + 12byin@® + 12b,In* — 16bying® +
48b,In — 32b 1% — 64 b 1% + 32b, [ + 2b.n¥gf +
2hynie® + 2byn? — 4bynte® + 12b, 0t — 16b.00° —
32b,ng® + 16b,n — 161*we* — 24%nwe* — 1607 we* —
12030 we® — 16012 nwe® + 641%we® — 2inwe® —
dintwe® + 32w + 64lwe®. (59)

3.10. Generalized anti-cubic law

For the generalized anti-cubic law of nonlinearity, the
SPM structure reads:

Fllgl?) = —=

gl 3tm=1)

+ bylgl™ + bylg|2tm*1, (60)
for non-zero constants b; with 1 <j < 3. With this form of
SPM, the governing NLSE looks:

ilg"), + allgl™g"),, +

EJ L - -

(W+ b, lgl*™ + bg|q|"-m+1:'] gt =
ilillgl*™g", + 6, Ugl™ ), q" + 6: 11" (g"),].  (61)
so that the ODE given by (3) reads:

a(l + n)p"™ " (@I + n — Dig" () F + ()" )] +
bad¥ 4 (x) + by ™) + b, — lwp®™ 2 (x) = 0.
(62)

By implementing the translational Lie symmetry that is supported by the above ODE (62), one can obtain the implicit
quiescent optical solitons to the governing model (61) as given by (32) where

A= 16ﬂ-{5¢l:m+n + lﬁmE4m¢:m+“ + 480 {dﬂqh:mﬂf! _ lﬁu;’!m:qh:"‘*'“ + 56ﬂ-{!?‘l:¢l:m+ﬂ _ 1ﬁﬂ-{!¢l:m+n _
32mf!m¢:m +n oy +na{!mﬂ¢:m+ﬂ _ 1ﬁu{:m!¢:m+i’! _ 32&{:m:¢:m+ﬂ _ 32&{:m2ﬂ¢:m+ﬂ ¥ azu{:ﬂ!¢:m+r’! ¥
36alfmnie®™ " — 16aPme®™ " — 32a P ng ™™ " — Adalimng?™ T — 24alming®™ " — 20alminlgtmT —
48alming™™ " £ Qaln* ™" £ 1dalmn® ™" — 20aln?p?™ " — 40almnie®™ " — 24almngtm " —
Eamgﬂ:qb:m"'“ _ ‘1-am:ﬂ2:p:m no_ 1ﬁam:ﬂ:¢:m+ﬂ ¥ aﬂ5¢2m+i’! + Eamﬂ4¢:m+ﬂ _ 4,a,n2¢:rr.+n _

Eﬂmﬂ!:p:m +M_ Gl ¢:m+n

(63)

B = 16b,13¢"*T 4 16b513¢ ™+ + 16b, [% + 24b,12ng*™*T + 24 b, [Zng®™*% — 16b,12¢%™*% + 32b, Im +
24b,[%n + 16b,1% — 16b,Im2¢*™*2 — 16b,Im2g*™** + 16b,Im? + 12b,In¢*™*2 £ 12, InTg ™+ —

16b, Ing*™+4 4 32b, Imn — 16b,1¢*™*2 — 32b,lme*™*? — 16b,lme*™** + 16b,Im + 12b,In? + 16b,In —
E&:m:ﬂ¢4m +3 _ Eb!m2ﬂ¢4m+4 + Ehlm:ﬂ + 25:ﬂ2¢4m+: + 252ﬂ2¢4m+4 _ 45!ﬂ:¢4m+4 + Ehlmﬂ: _
16b,mng* ™+ — 8hong™*? — Shomno®™*2 + 8bymn + 2byn® + 4bynt — 161%we™ 2 — 24 nwe™™ T —
16{!mw¢:m+: + lﬁI:m:mqh:m” _ 12{:ﬂ:m¢:m +2 _ 15{:mm¢:m+: + lﬁl!'iw:p: m+2 + 32{!mw¢:m+: +
15{m!ﬁd¢:m+: + E{m:m:p:m"': + 32{?‘1‘1: ﬁc."l:p:m +3 _ z{ﬂEm:pIi‘T. +3 _ ‘Hmﬂ:ﬁdqﬁ:m-‘-: + E{'J‘I,Cdl:p:m-'-: +

16imnw e ™ *? + 160meaw ™™ 2,

(64)

provided the parameter constraint given by (35) remain valid. This guarantees the existence of the quiescent solitons.

3.11. Quadratic-cubic law
For quadratic-cubic law of SPM, one writes:

F(lgl*) = b,lql + b;lql® (65)

for constants by and b,. Thus, the governing perturbed

NLSE is of the following form:

ilg"), + allgl™g"),, + (b, lgl + blgl?)g" =
ilA(lgl*™g"), + 8, (gl*™),q" + 8,1l *™(g"),].  (66)

Adem A.R., Biswas A. & Yildirim Y. Implicit quiescent optical soliton perturbation with nonlinear ...

340



SPQEOQ, 2025. V. 28, No 3. P. 335-345.

while the ODE (3) simplifies to

ilg"), + allgl®gh),, + (b lgl + blgl?)g" =

ilAllgl*™q'), + 6, (Iq]™™) .q" + 6;1g1*™(g"),].
Using translational Lie symmetry, this ODE

integrates to the implicit quiescent optical soliton
solution in terms of Appell’s hypergeometric function as

(67)

1 |:c|_L+r!j|_:L+r!j._ﬁ“

=4
n4 -I.I:Ll ) (68)

F (E.E Elﬂl_:ﬂlﬂ:ﬂi _:l_l'.ll?:ﬂ.i)

Llz'z2%z" 2 Bydg+ds  Bydg-dzd
where
A =R +En)N2 +n+ 1), (69)
Ay =21 4+n21+n + 2), (70)
and
Az = A L4, b7 + 4bylew (20 +n + 1)7) (71)

The constraint condition (26) in this case implies

| 28 B24, Tgby Ay
ax('h»t: +azl |a1}1=-}13 ) =1 (72)
along with
‘EJLA: t H! =0, (73)

which together guarantees the existence of quiescent
optical solitons.

3.12. Genearlized quadratic-cubic law

For the generalized quadratic—cubic law of nonlinearity,
the SPM structure is

Fllgl*} = bylql™ + by lql™*, (74)

for non-zero constants by and b,. For m=1, (74) falls
back to the SPM structure of quadratic-cubic law, namely
(65). Therefore, the perturbed NLSE for this SPM
structure is given by

ilg'): + a(_lql“qi:lﬂ + {&qul_"" + Ezlglqlli'""'l_]qlE =
ilillgl*™g"), + 8, (gl*™) .q" + 8, |q]*™(g"),].

while the ODE (3) simplifies to

(75)

a(l+m)@" " (x)p" (x) + a(l + n — 1)(I + m)e"(x) %
{o' @) + ¢ b g™ x) + bygp™ (x) — lw} = 0.
(76)
Using the translational invariance that is supported
by the above ODE, one arrives at the implicit quiescent

optical soliton given by (32), along with the parameter
constraints (35), where

A=all +n) 21+ 021 +m +n) x

@l +m+n+1)g"2 (77)
and

(21 + W™ bp(2l +m+n) +
B =2 +h (2 +mtn+ 1)l (78)

—lw(2l+m+n)2+m+ntl)

3.13. Quadratic-cubic-quartic law

For quadratic—cubic—quartic law of refractive index
change, the SPM structure is

F(lgl*) = bylql + b;lql* + bslql®,

for non-zero constants bj
corresponding perturbed NLSE is

(79)

with j=1,2,3. The

ilg"), + allgl"g"),, + (b,lgl + b, lgl* + b,lgl?)g' =

ilalgl*™q"), + 8, (Igl*™),.q" + &, 1g1*" (gD, 1. (80)
while the ODE (3) simplifies to

all +n)e"* xle" (x) +

al +n — 1T + "D {ep' D} + (81)

¢ ()b () + bap?(x) + bap® (x) — L} = 0.

Using the translational Lie symmetry supported by
the ODE (81), one recovers the implicit quiescent optical
solitons given by (32), along with the constraint (35),
where

A=16al®¢"? + 48al*e™ ? + 48al*ng" % +
S6al*nie™ % + HMal®e" ! +120a g™t +
32al*ne™? + 108aln?e™? + 124%™ +
B8al*ng™ % + Qalng™ ? + 42aln¥p™ % +
SSalnig™ ? + 1Balng™ I+ anp" * +

6an‘e™* + 1lan®@"* + 6anp" 7, (82)

and

B = 16b,1%¢? + 16b,1%¢? + 165, 1% + 245, 7ne? +
24b, 1 ng® + 24b, Png + 245,017 + 32b, 1% +
40b, 1% + 12byin%g® + 12b,In%¢? + 12b,In"g +
24byIng® + 32hyIngy® +40b, Ingy + Bbylg® +
12b,lch® + 24b, 1y + 2bn¥p® + 2b.n¥g® +

2hyn¥e + Bbonta® + 8bhonie? +10b,nip +

4b,ng® + 6byng? + 12b,ng — 161%w — 24%nw —
481%0 — 120 0w — 481 e — 440%0 —

2infw —12intw — 22Inw — 120w, (83)

3.14. Generalized quadratic-cubic-quartic law

The nonlinearity structure of SPM is
F(lgl*) = bylgl™ + bylgl™* + bylql*™+1,
which means the perturbed NLSE is given by

(84)

ilg"), +allgl®gh,. + _
(B, lgl™ + bylgl™* + bylgl*™+1)g' =
ilillgl*™g"), + 8,(lg|*™) .q" + 8, |q]*™(g"),].

(85)

while the ODE (3) simplifies to

a(l + n)g"* (x)e" (x) + a(l + n—1)(1+n) x
¢" ()le ()} + 97 () %
{b,p™(x) + byp™ 1 (x) + byp™™ i (x) —lw} = 0.

(86)
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The translational Lie symmetry when implemented leads to the quiescent optical solitons as given by (32), together
with the constraints for the existence of these solitons as given by (35), where in this case:

A=16al®3"? + 32al*me™ % + 16al*e" % + 48al*ng™ 2 + 20a*m?e™ % + 20a*me™ % + B0al*mng"*
+56al*nia™ 2 + 4al®e™ % + 40a g™ + 4alPmie" Tl + 6almia" ! + 40aliming™ ! + 72alimnie™ "t +
2al*mo™? + 40a P mng™ "2 + 32alTn% @™t + 36aPniad™ " + Baling™ " + Galming™ % + 25alminia™ T +
+%alming™ % + 28almnigp" + 25almnie™ 2 + 3almng™ I + Qaln®*e™ I + 14alnig" i + Salnie™ T +
+2ami*nig™ ! + Saminie" ! + 3aminig" ! +damn*d" ! + Samnig™ " + amnie" Tt +ane™ +
2ane"™~? + ang?

(87)
and
B =16b,1%¢™ ! + 16b5 13"+ + 165, 1%¢™ + 245, 1% ng™ " 4+ 24b, 1 ng? ™+t + 245, Png™ + 8b, 2™+ +
+24b, P ma™ + 8b 1 ™™ + 16b, P me®™ + 165,10 0™ + 245, P me™ + 8byImie™ ! + b imiet™ +
8bylm* @™ + 12b,In @™ + 12byIn" ™™+ +12b,In" @™ + 8byIng™ ™t + 24b, Imng™ *t + 8bylng™™ 1 +
16byImng™™* + 16b, Ing™ + 24b, lmng™ + 4b,Ime™* 1 + 4bImg™ 1 + 45, 0™ + 12b, Ime™ +
4&:m:ﬂ¢m+1+ zh!m:ﬂ¢:m+l + ‘}bim:ﬂq‘.\m + Eb:ﬂ!¢m+l + 2B2ﬂ2¢:m+1 + Ebiﬂ!tpm + ﬁ'b:mﬂ:tpm-'-l +
2.'.:]:'?‘1: |:I;|i’r.+1. + ‘l‘bgmﬂ:qﬁ:m+1 + zh!ﬂ:¢:m+l + ﬁhlmﬂ::pm + ‘]:‘hlﬂztpm + 2&:mﬂ¢m+l + zb!mﬂ¢:m+l +
6b,mng™ + 2byng™ — 160%w — 320%mew — 241%nw — 161%w — 2013 miw — 321%mne — 200%mew — 121%n%w —
1601w — 41%w — 4im*w — 10im? nw — 6lmw — 8lmn’w — 10mnw — 2imw — 2inw — 4in'e — 2inw.

(88)
3.15. Parabolic non-local law  zen.
=203
=L X

This law of noinlinearity has its functional F of the ﬂ!ﬂi-ﬁ'9ﬂi-49ﬂWE:
following form:

2y — 2 4 z 5. | b+ sbi-smnwb
Fllgl®) = b,lgql* + b,lgl* + b3(gl%),,. (89) F| isinh=t| 20 — ,, _ | _1 | 1 :
for real-valued constants b; with j =1, 2, 3. Therefore, the N BByt [SF—dBnwby [ 3 (8B —4Bnw b,
governing NLSE, along with its perturbation terms, is ' ' (95)

ilq"); + allgl"q')y + [b,1ql2 + b;lgl* + b gl *) 1o = o o .
ilallalzm gt P my oy g lal?™(eh). ], a0 where F{y[m} is elliptic integral of the first kind and is
Wlglq )y + 6, (gl ™).q" + 6, 1a1™ g, (0 defined as follows:

while the ODE (3) simplifies to: .

.
a(l + m)¢™ ()" (x) + a(l + n— 1)(1+n) X Fm =l =
¢" e (203 + ¢ (x) %

a8, (96)

: ith
BB T "
2bs{p(x)e" () + {@' ()} —lw! —Say=r, (97)
For integrability, we must choose an(; )
[+n=10 (92) .
msin~yr < 1. (98)

This reduces equations (90) and (91), respectively, to
The additional parameteric restrictions that stem

; " by lqlz+bylql*+bs (Iql %)
ot (%) e from (95) are
o P ; (93)
am g1 ™) am 2
;-[1 (min ) +e, ( qqﬂ kg, L7 ] 3b] — 16nwb; > 0, (99)
x 1 r
and b, (3b, + /967 — 48nwb, ) > 0, (100)
by (x) + byp* (x) + 2b,{p ()" (x) + {p' ()2} - and
—lw = 0. (54)
Here in (93), the relation between the perturbation (351 — /9% - =}me:) =0 (101)
parameters 2 and 6; for j =1, 2 is indicated in (4). Upon
integration one recovers the implicit solution to (94) as which must hold for the quiescent solitons to exist.
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3.16. LOG-law

For log-law nonlinear refractive index, the SPM is given
in the form:
F(lgl*) = Blnlgl®, (102)

for non-zero constant b. In this case the governing model
is given by
:'{qijr+a{_|q|“qijﬂ+£J{lr1|q_|:]qi= _
ilAlgl*™g"), + 8,(Igl*™)yq' + 8, lgl*™(g'),],

while the ODE (3) simplifies to
all + nlg™* (xlp" (x) +all + n — 1 + n) " (x) x
{0 (x)F + ¢* (x){2bIng (x) — lw} = 0. (104

From the translational Lie symmetry that is
supported by the above ODE one recovers the quiescent
optical soliton solution as

(103)

n | Ll i1 b
x =4z ||——‘E"‘+”}"“+n} ¥
- A" bn
, (105)

G (,,-'n;-:2:+n}u2bln¢,—m:}—2b})

2,5 (214m) !
where the Dawson integral is defined by
G(x) = e~ [] e ay. (106)

Another constraint that follows from (105), for the
existence of solitons is given by

ab = 0. (107)

3.17. Exponential law

For exponential law of nonlinearity, the functional F
reads:
Fllgl®) = > (1 - e72l4l%), (108)

for non-zero b. In this case the perturbed NLSE is given
by

i(gD; +allgl"gy +5 (1- 7Pl )q! =
g

S k . o (109)
i[Algl*™g"), + &, (gl®™).q" + 8, 1gl ™ (g'),].
The corresponding ODE takes the form:
ab(l +n)e?® ™ g (x) x
(I +n -1 ()} + p(x)e" (x)] +
92 () {1 — Blew)e?®*@ _ 1}, (110)

which, by virtue of the translational Lie symmetry,
integrates to

| abrl+nyrzl+nyan—2

x=+f |

de, (111)

:.ji:nim—1:.—.;:[+r1:.}:_i_u_1ii:-¢=il

with the exponential integral being defined as

En(2) = [ Sat. (112)
3.18. Saturating law
For saturating law of nonlinearity, the nonlinear
functional F takes the form:

TN E?illi'l:
F(lgl j——aﬁagm:* (113)

for non-zero constants b; with j =1, 2, 3. The perturbed
NLSE is
Ei'j_lli'l:

| n.l
ig); +allal®q D + 7 s

B

i[Alql*™ "), + 6, (Ig1*™) " + 8; 1q1 ™™ (g'),].

I _

(114)

The corresponding ODE for ¢(x) is

all +:rﬂ¢”{:r_] [T+n—1p P +plx)e" )]+
2 () (22 1o} =0, (115)

by @ (x) 4B,

Upon applying the translational symmetry to the
above ODE (115), one recovers the implicit quiescent
optical soliton as

1 | abg (I+m2+ma"
_r:-l-_r— - =R —— dar. (116
- & *le[{ :;1|..1_[+§_;1+[+§_;—%1J|—1}5‘1+[:._|E;|3] ¢ ( )

Finally, the constraint condition from the Gauss
hypergeometric function gives

[tz

Vs

[E2
_.'

= ¢lx) = s (117)
for the quiescent optical solitons to exist. Another

parametric constraint that comes out of (117) is given by

byby = 0, (118)

4. Conclusions

This paper derived the implicit quiescent perturbed
optical solitons for the NLSE with perturbation terms
which appeared with arbitrary intensity. The CD was
rendered to be nonlinear, while the temporal evolution
was generalized from its linear counterpart. The
ascertained results are a generalized version of the
previously reported work, where the same model was
addressed with linear temporal evolution [1]. Therefore,
the results of this paper collapses to the ones in the
previously reported work. Also, there are eighteen forms
of SPM structures that were handled. The integration
algorithm adopted in this work is Lie symmetry. The
solitons solutions are all implicit and mostly appeared
in terms of quadratures. Many of the solutions are in
terms of a wide range of special functions. These are the
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Gauss hypergeometric functions, Appell hypergeometric
function, Dawson’s integral, elliptic integral of the first
kind and exponential integral. The results, nevertheless,
stand on a strong footing to proceed further along.

The novelty of the current approach stems from its
uniqueness. The Lie symmetry approach is a unique and
one of the most powerful mathematical approaches that
handles the recovered ODEs for every single form of
SPM structure in its most unique form. The translational
symmetry yielded solutions that are not recoverable by
any additional approaches. Additional approaches that
have been studied earlier to recover quiescent optical
solitons implemented, namely the extended Jacobi’s
elliptic function approach, extended trial function
approach, methods of first integrals, sine-Gordon equation
procedure, F-expansion method, Riccati equation
expansion methodology, Kudryashov’s approach, G'/G-
expansion scheme do not reveal the unique structure of
the solutions that are recoverable only by the usage of
Lie symmetry. This makes the paper unique and
consequently sheds light on the novelty of the work.

The model can be modified and applied to various
optoelectronic devices. A few these devices that would
be immediately addressed are optical couplers, optical
metamaterials, magneto-optic  waveguides, Bragg
gratings, fibers with differential group delay and
dispersion-flattened fibers as well. The Lie symmetry
approach would be implemented for each of these
devices that would lead to the emergence of the quiescent
optical solitons, explicit or implicit and/or in terms of
quadratures or closed form solutions. The variety of
results would be revealed with time and would be
disseminated across the board after the results are all
aligned with the pre-existing ones.
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HesiBHe cTanioHapHe onTHYHE COJIITOHHE 30ypeHHs 3 HETiHiliHOI0 XPOMATHYHOIO AMCIIEPCi€I0 TAa y3arajJbHEHOI0
4acoBOI0 €BOIOLIEI0, 10 Ma€ 0e3/1i4 cTPYKTYPp ¢a3oBoi camoayasuii 3a cumerpiero JIi

A.R. Adem, A. Biswas & Y. Yildirim

AHoTamnis. Y 1iif cTaTTi BiJHOBJICHO CTalliOHApHI 30ypeHi ONTUYHI CONTOHHM, 10 BUHUKAIOTh 3 HEMIHIMHOTO PiBHSIHHS
[peninrepa 3 raMminbTOHIaHAMH 30YpEHb JOBUIBHOI IHTEHCUBHOCTI. MOJIENb PO3TIISAAETHCS 3 Y3aralbHEHOI YaCOBOO
€BOJIIOIIEI0 Ta HENIHIHOI XPOMATHYHOI JHCIepcielo. BpaxoByerbest BiciMHAmUATh (GoOpM CTPYKTYp (a3oBoi
camomonyJsnii. [HTerpyBanHsi 3piiicHrOeThCs 3acTocyBaHHSIM cuMerpii JIi. Takox mnpencTaBieHo mapamMeTpUYHi

0OMEeXEeHHSI, SIKi TapaHTYIOTh ICHYBaHHS TAKUX COJIITOHIB.

KurouoBi ciioBa: HemiHifiHa qucnepcis, cTarioHapHi COMITOHU.
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