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1. Introduction

First introduced in 2014, the concatenation model has
been the focus of ongoing research, initially investigating
its integrability and exploring rogue wave phenomena
[1, 2]. Since then, subsequent studies have delved deeper
into various aspects of the model, including conservation
laws, quiescent solitons with nonlinear chromatic
dispersion (CD), trial equation methods, undetermined
coefficients, and the application of Kudryashov’s
integration schemes to address issues related to
differential group delay. These studies represent just a
fraction of the broader research aimed at fully
understanding the concatenation model [1-5].

This paper specifically examines the concatenation
model under the influence of multiplicative white noise.
It employs an analytical approach to explore the model
and uncover new insights: the F-expansion method. This
methodology facilitates the discovery of soliton solutions
in the presence of white noise. Some preliminary
approaches to the model were implemented earlier,
which vyielded soliton solutions [6-9]. By selecting
specific parameter values, the paper reveals a wide
spectrum of optical solitons as well as complexiton
solutions. Notably, the study reveals that white noise
primarily affects the phase component of the solitons.
The detailed analysis and results, along with their
derivations, are exhibited in subsequent sections.

1.1. Governing model

The model in [1] illustrates the stochastic perturbed
concatenation in a dimensionless manner. It includes
Kerr-law nonlinearity and multiplicative white noise as
defined by It6, constituting a combination of three well-
known models:

iq: + agq + blglg +

81 Gaenx + 62092)7q" + S2lgul®q +
84lql*qux + 6597 g3 + Sslql*q

161 [67Genx + Gelgl®qy + G29%q2] + 0g

= ileq, + Algl?q), + 8Ugl%).q].

Cy

dwie)
dt

Here, q(x, t) is a complex-valued function. The first term
represents linear temporal evolution, where i =+/—1.
Constants a and b denote CD and Kerr-law nonlinearity,
respectively. Parameters ¢; for j=1,2 and J¢ for k=
1,2,...,9 are constant coefficients, c; and c, are real-
valued. By setting ¢1 =c, =0, we obtain the NLSE; by
setting ¢, =0 and c1#0, we obtain the Lakshmanan-
Porsezian—Daniel model; and by setting ¢c; =0 and ¢, # 0,
we have the Sasa—Satsuma model. The model (1) illustrates
soliton propagation in optical fibers, combining three known
equations. The standard Wiener process W(t) is included,
with ¢ as the noise strength coefficient and W(t)/dt as
white noise. The coefficient for inter-modal dispersion is
a, self-steepening is 4, and self-frequency shift is S.
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2. F-expansion procedure

Consider the model equation:

G(Q G Gr: Guer Gao oo ) = 0. )
Regarding the optoelectronic wave field q = q(x, t), x is
the spatial variable, and t is the temporal variable.

With account of the constraints

glx.t) = U(£), £ = ulx —vt). @)
In this context, & is the wave variable, x is the wave
width, and o represents the wave velocity. As a result,
Eq. (2) evolves into

PQU, —uwll , ull, W20 ,..) = 0. 4)

Step 1: With account of (4), the simplified model
confirms the solution structure

U(s) = X, BF (2), (5)
with the help of the ancillary equation
F(£) = JPF*(F) + QF(£) + R. (6)

Accordingly, the soliton wave profiles obtained from (6)
are outlined below

(F(F) =sn(f) = tanh (), P =m?, Q@ = —(1 + m?)},

BE=1 m-=1",

F(f) =ns(f) = coth(fL,P=1,¢ = —(1 +m?),
R=m?: m-=1-,

F(£) = en(f) = sech (F),P = —m*,Q = 2m® — 1,
R=1—-m* m-1",

F(F) =ds(f) = esch (£), P=1,0 =2m?* -1,
R=-m{1l-m?, =1, 7
JF®) = ns(®) £ ds(®) = con@® £ csecn @), ()
1

21 _m:—2 _m_: _
P—‘}, Q= 2 ,H—‘},mql,
F(F) = snlf) +ienlf) = tanh(£) +1 sech (£),
_m: _m:—2 _m: _
P_{Tj ° 2{1{3_?"}_'1}
_ snlf _ tanh (£ _m”
F{E]_ltdn(fj_ltsech’P_ 4’
m? —2 m? _
L Q= > JR:TJ -1,

where sn(¢), ns($), cn(¢), ds(&), and dn(¢) denote Jacobi
elliptic functions associated with a modulus, 0 <m< 1.
Additionally, the constants B; (for i from 0 to N) stem
from the balancing approach described in (4).

Step 2: Through the inclusion of (5) and (6) into (4),
we create a system of equations that allows for the
determination of the constants not specified in (4) via (7).

3. Optical solitons

By adopting the following solution form, we secure the
solution to Eq. (1):

q(x.t) = U(§)e™*D, (8)
where £, representing the variable of the wave, is set as
£ =k(x—vt). 9)

To clarify further, » denotes the speed of the soliton,
and (£ represents the amplitude component. The phase
component ¢{x, £} is then expressed as:

d(x t) = —xx +wt + aW(t) — ot + 8,. (10)

Here, x, o, o, and 6, stand for the frequency of the
solitons, wave number, noise coefficient, and phase
constant, respectively. Equation (1) is rewritten by
substituting (8) and then separated into its imaginary and
real components, leading to

kila — 60,8, 5% + 30, 8-x)0" —
(ax® + ax — o 65 + 0086 — ot + ) U +
¢, (8, + 6KV + ¢, (8, + S 020U " —
ke, (85— 8g) + 6,08, — 8+ 8, + 8w + A - BIUZ +
1865 U% 4+ 6,6, k*U"™ =0, (11)
and
k(—Z2ar — & + 4c,6,%° — 30,65 —w)U +
k¥e, 8, —4e, 5, x)0 —
_k( 28 —c,(5; + 6.0 +
2e,(6, + 6, — Sg)x + 34
To determine the speed of solitons, we analyze the
imaginary component as follows:
v = —2ax — o + 40,8, %% —3c,0,x5, (13)
with constraints on parameters
28 4+ 26,(6, + 64— 8s)x — £,(8 + 650 + 31 =0, (19)
and

(12)
]{F u=o.

cp0; — 4o, 5, k= 10 (15)
Eqg. (11) reduces to
KU 4 AU + AU+ AUV + AU+ (16)
AsUS + A, U =0,
with
8y + 8y _a— 6o 8y’ + 3087k
v g i €18y
6+ 8 el tan —ofit tahk ot tw
BT AT ¢,8,k? '
u s 85 o wley (8, = 83+ 8, + 8 dx + 05 (85 - G) +3 - b)
T g kr TP T £, 6,k '

17
The balancing between U®™ and U° in Eq. ((16))

establishes N = 1, thereby expressing the solution as:
U(£) = By, + B,F(£). (18)
By substituting (18) with (6) into (16), we derive the
equations:
(AsBy® + RA;ByB,* + A;B,° + A,B, =0,
12 PRE’B, + QA,B,"B, + Q*K*B, + QA,B, +

RA:B,* + 5 AB,*B, + 3A4,B,°B, + A,B, = 0,
10 AsB, B, Y + 2 QA BB, + QA BB,  +
3 3 A;B.B," =0,
10 A;B,°B,® + 20 PQK*B, + 2PA,B,°E, +

QAB, + QA;B,° + A,B,° +2PA,B, =0,
SA.B,B,* +4 PA, BB, + PA,B,B,* =0,
\A;B, "+ 24 PPLPB, + 2PAB, + PAE,S = 0. (19)
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The outcomes are uncovered upon solving these
equations (19):
k=
4| [2 PARA; — Q24,4; — QP4:4; — 04,4, — QAud, — QAad, — A
T 12PQRA, —8PQRA; + Q%A + QP4 + 12 PRA. + 04,

(24 PRAA; —12PARA, —6 Q4,4 +3 Q:A:A!]
—8 QA A, +12 QAzA; +2 QAzA, + 12 4,4,
(12 PQRA, — B PQRA; + Q”Al]
+0%4; +12 PRA, + 074,

, (14.-4 PIRZA,Y — 216 PQIRA,” + 81 Q%4,° —j ’
240 PQRA, A, + 180 QF4,4, + 100 Q34,°

Ag =

By, =0,
- || 24 P*RA, — 18 PQ24, — 20 PQA,
te _«J_ 12 PQRA, — 8 PQRA; + Q%A + Q%A: + 12 PRA; + @24,

(20)

Result 1:
Based on (7), Eq. (20) changes into
( 64, —5 4,

By=0, B =%|-——"—"—
e t —_‘Jl 44, — Ay — 2 A

N |'+Hu4 —2AA 2 A A —2A A, — 2 AL A, +,q4,q,.,
4 324, -84, — 16 4,

(4 A4, — 6 4, AE—A4A,+3A4 5](+AL—A,—7A5]
T T 36 4,5 — 60 4,4, +254,°

(21)
The dark and singular soliton solutions are
formulated, in conclusion, as

—_—
I 6 A;—5d,
44,-A;-T A,

glx.t) = +

|'4.4.1A:—: AgAg+T Az Az —T A A —TAgAz+ A Ag

« tanh -\] 32 4;-BAx-164;

% (xr + Qax + o — 4c,6,x% + 3c,6-x7)E)
. g[(—lc.r+mr+flb":rf'—§:r+9u:I (22)
and

I—
EAz—5 Ag

glat) = —-\1 T aA;-Az-14g

Iliﬁiﬂ.:—:A1&+:A:A3—:A:HE—:A‘13+A‘AE
x coth |V 32 Ay —BAz—16 dg

% (x + Qax +o —4c, 6,5 + 3c,6-x7)¢)
e g[[—m:+n.-r+51b'ir3—§:r+ﬂu]I (23)

The wave forms given by equations (22) and (23)
are determined by the parameter constraints:
(6A, —54,)@ A4, —4;, —24,) <0,
(4-.41H: — 244, +2 A A —J (24)
2 A, A; — 2 AgAs + AgAs
(32 4, -84, —16 4;) = 0.

Result 2:
Using (7), Eq. (20) evolves into

,—
_1BA+20 4,
-\1 Ag+Az+Ag

B,_,_n B, =+ |[-=——= k=+4,/-(A; + 4, ).

{ (6A3742+E 4,745 +3 A4 A4z — )
B AyAs A +E A Az Ag—4 A A Ag—
TA; Az 15 AxAz A, —1T 44—

| - - 0

\—Z Az A 14 Az A A 1245 A.% )

= — A —, 2
\As z(21 A;%+180 A7 A,+100 A7) (23)

Thus, the form of the solution for the bright soliton is

T
18 A7 +I0 4,

|—
qlxnt) = + Ay +Az+ag
x® sech [ '\-'I_{A: +4,) % ]
(x+ (Qar + o — 46, 8,x% + 36,857 )t)

X gl'l:—u+:..-r+§ur":tf'—":f+ﬂu ] (26)

The wave form described in (26) is governed by the
constraint relations:

(184, +204,0(A, + A +4,) =0, A +4, <0
(27)
Result 3:
With (7) being employed, Eq. (20) is changed to
( 1B +20 4, ——
= = | == 7278 = | — n
BD EI_. Bl i-\J .4.1 +..4.3+.‘1.E . t",‘. {A‘ + Ai:]"
4 {64324, +8 A, %A +3 A3 A dz—
6 AgAz Ag+B A Az Ag—d Ay Agd—
TA;A:5—15 AgAz Ag—12 A4 -
W2 457018 A5 A,4—13 Agdg? |
= — 2
kﬂs‘ 2(B1 A% +180 A;A4,+100 4,7} (28)

Therefore, the solution representing the singular
soliton is

|18A +204
qlx,t) =+ [—2———=2
”\l A+ Az + A,
—_—
% csch V—(dz +44) %
(x + (2ax + o — 46,8113 + 3e,8:x5)t)
X EEI:—xx+th+|:FW':ﬂ—:7“':'+BDII. (29)

The wave form depicted in (29) is determined by
the constraint relations:

(18 4; + 204,04, + A; + 4.) =0, A+ 4, < 0.

(30)
Result 4:
Applying (7), Eq. (20) takes the form

|—..
6 A;—20 A,

rB 0
b 3 8Ay-Az-ea.’

E,=+|

¥, k _ + II: Aiﬂ.: -4 ..‘1.1}1.4 +.4.:..‘1.3 -4 H:AE -4 }L;ﬂ3+9 A«-GAE
=T .
A 4A4,-A3-8 A

(443 Ag=B Az Ag—AgAz+12 AgA 14 A —Az—8 A;)

,‘-‘15 = — — —
405 A2 260 Agdg+100 Ag )

\
(31)
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The solution for the straddled singular-singular
soliton in this case is

& Az—20 Ag
= | —
q(x.t) i_a\l 4 A,-Az-B A

f I': AgA;—8 AgAg+AsA3 -8 AsAg— 8 Agdz +B Agd,

4 A4;-A;—Bdg
coth N

® (x + Qax + o — 4c, 6,5 + 3,657 ¢)

I': AgAz—4 AgAg+A3A;—4 A4, -4 A Az +B A A,
N 44 -Az-B A

+csch

\ x (x + (Qax + a — 40,6,5% + 3c,6,x7) ) 1)

w gl:l:—k'.t'+|:|.-t+§llr":t:'—§:t+9u I

(32)
In addition, the representation of the complexiton
solution is

6 A;—20 A,
= 4 | £A27i04s
q(x.t) t-.J 4 A,-A3-BA,

f I':A1A:—4A1A4+A:A3—4 Az Ag—3 A Az+B A A,

44, -Az-BAg
tanh N

#*(x + Qax + o — 4, 8,x% + 3, 8,57 )t)

I': Aj Ay —4 A Ay +AxAz— 3 A Ag—4 A Az +B A,

) 4 34y -Az—BAg
+isech

L #*(x + Qax + o — 4, 6,x5° + 3c,8-x7 )60 1)

e gl:(—ls'.t’+wt+§llr":l.‘:'—§:t+9u::

(33)

Also, the solution for the straddled dark-bright
soliton is
£ A;—20 Ay
— | ——& =~ &
qx.t) =1 4 A4;-Az-Bdg

A

[FAgA;—% AgAg agdy—% Agdg—8 Agly T8 Agdg
W % dg—Az—E A
tanh 17 £

(x+(2an+a—ac, 8,85 +30,8-6° 1)

(S Ay =5 Ay Ag=Ap Az —F ApAg—% AgAz 78 AgAg
| 4 .A3-A3-8 g

(34)

1+ s:—nh[

wlr+lZansm—a0y 8405 +3058- 12 1)

% gi[:—lcx+mt+sl.b":tfl—'-:t+ﬂu )

The wave forms described in (32)-(34) adhere to
the parametric restrictions:
(64, —204,)044, —4;, —84,)=0,
(2 AjA, — 2 A A ¥ A4, — 4A:AE,J
—4 A A, + 84,4, *
x (44, —A4; —84;) > 0.

(35)

o

4. Conclusions

This paper investigates the concatenation model in the
presence of white noise. An integration approach, namely
the F-expansion method, is employed to reveal soliton
solutions for the model. Soliton solutions are obtained by
choosing specific parameter values. Additionally, this
approach provides a comprehensive spectrum of optical
soliton solutions. A novel observation in this paper is that
for the concatenation model, the effect of white noise is
confined to the phase component of the solitons. The
findings of this study have broad implications. Future
work will extend the model to include differential group
delay and dispersion-flattened fibers, where white noise
components will be introduced and analyzed using
various integration approaches. This exploration is
expected to vyield compelling results that could
significantly advance the field of mathematical
photonics. Ongoing research activities will continue to
unfold and disseminate these novel findings, aligning
them with existing literature.
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OnTnyHe 30ypeHHsI COJTOHIB 3 MOJE/NJII0 KOHKaTeHalii, 0 Ma€ MYJbTHIIIKATUBHMA OlmMii mym
3a F-po3mmpennsim

Y. Yildirim & A. Biswas

AHoOTanis. Y crarTi JOCHiKYyeThCsl MOJIeTb KOHKaTeHallii, o BKmovae 3akoH Keppa ¢azoBoi camomomyssmii Ta
raMiJIbTOHOBI 30ypeHHS, a TaKOXX BIUIMB MYJbTHIUIIKATUBHOTO Oinoro mrymy. [lms oTpuMaHHS PO3B’S3KIB MOJei
peamizoBaHo anropuT™M F-po3mupeHHs, MO Ja€ TOBHWMA CHEKTP ONTHUYHUX CONITOHIB. Takox mepepaxoBaHO
mapaMeTpudHi OOMEKeHHS, SKi MPUPOIHO BUILIMBAIOTH 31 CXEMHU.

KurouoBi cioBa: comitonu, 6inmii mrym, F-po3mupeHHs.
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