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Hetero- and low-dimensional structures
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Abstract. The problem of light trapping engineering for semiconductor surfaces covered
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functions method, involving the concept of an effective susceptibility. A target function,
optimizing broad-band light absorption throughout the visible range has been constructed
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collection has been reported for both random [10] and
quasi-periodic [11] arrays of metallic nanoparticles
covering the semiconductor surface. The introduction of
metallic nanoparticle arrays with different morphologies
at the front and rear surfaces of the active layer of thin
(few micrometers) silicon solar cells has been also shown
to significantly modify the transmission of light at these
contacts. Specifically, optimized morphologies to
increase transmission at the front contact, while reducing
it at the rear one, have been intensively discussed [12].
In this paper, the authors deal with the problem of
engineering light trapping in a semiconductor surface
that is covered with metallic spheroidal nanoparticles
randomly distributed over its surface. Crystalline silicon
is taken as a prototypical model semiconductor for a
crystalline solar cell material. We optimize morphology
of the sub-monolayer of metallic particles on the top of a
silicon slab by calculating the absorption of the monolayer structure over the entire visible spectral range using
the Green functions method by employing an effective
susceptibility concept. We employ a pattern-search
approach to find a solution of the optimization problem,
taking the angle-of-incidence of the impinging light as

1. Introduction
The design of efficient solar cells is a crucial issue in
renewable energy research. Light absorption in the active
layer of the device may be restricted by the low electric
field inside high-refractive index semiconductors and the
small time of interaction of the incident light with the
active semiconductor material. The resulting low
absorption can limit the performance, especially in thin
and ultrathin film solar cells [1-3]. Surface texturing is
considered as an effective strategy to enhance lightcollection in the active layer, in particular in thin film
solar cells [3, 4]. Optimization of the texture of backcontacts, aimed at achieving longer light paths in the
active layer, includes, for example, evolution-inspired
strategies [5]. Another approach exploits plasmonicenhancement, by, e.g., metallic gratings or arrays of
metallic nanoparticles [2]. In this case, the resonant
excitation of surface plasmons at the interface between
the metallic elements and semiconductor active layer
leads to significant enhancement of both the strength of
the electric field and light path in the active layer [6-9].
For silicon solar cells, plasmonic-enhancement of light
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well as the shape and surface coverage of the nanoparticles as control parameters. We show that an efficient
coupling of the incident light to both the transverse and
longitudinal plasmon resonance of ellipsoidal nanoparticles can profoundly enhance the light trapping efficiency. This improvement in light absorption by morphology optimization is demonstrated by calculating the
absorption spectra of the layered system throughout the
visible and near-infrared spectral ranges.

Eq. (1) gives the total absorption spectrum of the
layered hybrid structure. The dissipative function can be
r r
defined through the local field E k|| , z p , ω and the local
r r
current J k|| , z p , ω ,

Statement of the problem

unit of surface, and n is the fraction of the surface area
covered with nanoparticles. The relations between fields
and local currents were obtained in the framework of the
Green functions method by using the effective
susceptibility concept [16] as
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In a general case, the local field E R, ω in the system of
nanoparticles is described by means of the self-consistent
equation [16]
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Here, R is a radius-vector, k0 = ω / c , Gil1,1 R, R′, ω –
Green’s dyadic with source and observation points in
upper half-space [17, 18]. Summation in the left side of
(5) was performed over all nanoparticles with spatial
r
locations R ′ . According to Refs. [19] and [15], averaging
the self-consistent equation (5) over the nanoparticle
location on the surface of semiconductor, one can derive
relation (4) with assumption that the sizes of
nanoparticles are much smaller than the wavelength of
incident light. In this case, the effective susceptibility
r
Χ ij k|| , z p , ω of a submonolayer of particles takes the
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following form:
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Q k|| , z p , ω = n Re E ∗ k|| , z p , ω ⋅ J k|| , z p , ω ,

In practically meaningful problems of light-trapping in
solar cells, the absorption profile is expected to be near
constant value in the visible spectral range [5, 12]. For
example, in Ref. [5], 31 wavelengths evenly distributed
in the visible range are considered as incident light for
broadband optimization. The optimized absorption
spectrum varied near some constant value and the
average absorption over the whole spectrum reached
0.481. In Ref. [12], optimal light trapping was achieved
in the visible range by means of homogeneous plasmonic
enhancement by a submonolayer of silver nanoparticles
covering the silicon surface. Thereof, it seems quite
reasonable to take as a target of optimization some
constant value of local field enhancing, including the
absorption in the system of nanoparticles. Similarly, the
difference between the maximum and minimum values
of the absorption in theoretical studies is taken to be no
more than a factor of ten [13]. We try to meet these
requirements using a hybrid metal nanoparticle/
semiconductor structure with a geometry that is shown in
Fig. 1. We consider a slab of silicon with a thickness of
few micrometers and dielectric permittivity εm, which is
covered with a submonolayer of randomly arranged
spheroidal metallic nanoparticles of the volume Vp. We
consider gold, copper and silver nanoparticles with
dielectric permittivities obtained by interpolation of the
experimental data reported in Ref. [14]. We denote via zp
the distance between the center of particles and
semiconductor surface. The axis z is perpendicular to the
semiconductor surface defined as the x-y plane. The
parameter κ = a z a x characterizes the shape of the
r
particles. The light, with electric field vector E ,
r
propagates along the direction k , entering the system of
nanoparticles and silicon thin film at the angle of
incidence θ (Fig. 1).
Light absorption by the system of nanoparticles at the
frequency ω is proportional to the ratio of the dissipative
r
function Q k|| , z p , ω and the energy density of the
r r
external electromagnetic field E 0 k , z p , ω [15]:
r
r
Q k|| , rp , ω
I k|| , rp , ω : r r
.
(1)
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Here, the Cartesian components of the electric field
are denoted as l = x, y , z and a summation convention is
r
r
used. k|| is the in-plane component of vector k .

Fig. 1. Sketch of the considered system: (a) semiconductor
covered with identical metallic nanoparticle spheroids (b) with
rotation axis directed along z (semi-axes ax = ay = rp).
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nanoparticles gives a particularly large flexibility in
tailoring the optical absorption of the hybrid structure.
We analyze absorption only in particles, but not in
silicon, because we are primarily interested in the
plasmonic resonance of coverage, which can be fixed
with the help of dissipative function (2). In the
experimental work [22], it was shown that the solar cell
coverage with gold nanoparticles of 50-, 80-, 100-nm
diameters increased the photocurrent for the entire visible
range of light. The maximum increase of efficiency was
observed near plasmonic resonance. This is the
motivation for choosing such a coverage in our work. We
also note that we consider only prolate particles with
comparatively small radii ax = ay= rp of 10 nm. For such
small particles, the quasi-static model for the
susceptibility outlined above is valid and the shape of the
spectra is basically independent of the value of the
nanospheroid short axis. For larger particle radii, the
effects of finite retardation are needed to be considered
but this is beyond the scope of the present work.
We now turn to the optimization problem aimed at
designing a user-defined shape of the absorption
spectrum of the hybrid structure as given by Eq. (1). For
this purpose, we construct the target function
Tf κ, f p , θ :

(6)

r
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dyadic. We denote with χ ij( p ) (ω) the susceptibility of a
single spheroidal nanoparticle at the surface [20]:
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where εr is the dielectric permittivity of the environment
in the upper half-space, ε p (ω) – dielectric permittivity
function of the nanoparticles. The shape factor of the
particles
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Here, κ is the shape parameter defining the
ellipticity of the particles, θ – angle of incidence of the
optical field impinging on the system, and fp is the
surface coverage by the nanoparticles. The value of fp is
restricted within the interval 0 ≤ f p ≤ f pmax . This

for oblate spheroids, κ < 1 .
Eq.

)
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In

(

where I0(ω) is the desired absorption profile, and N1 –
number of colors at which the simulated spectrum is
compared to the desired spectrum, i.e., the number of
terms in the sum (10).
The aim of optimization problem is to find the
values of κ, f p , θ for which

for prolate spheroids, κ > 1 , and

m⊥ =
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U ⊥ = 2U || . For further details, see Ref. [20]. Here, we

consider the special case of elliptical particles with
ax = ay. These elliptical particles have interesting
spectroscopic properties [21]. In addition to a transverse
surface plasmon (SP) resonance, similar to the SP
resonance of a small spherical particle and excited with
light that is polarized along the short axis of the ellipsoid,
their optical spectra show a distinct longitudinal SP
resonance, excited with light polarized along the long
axis of the particle. This longitudinal SP resonance
undergoes a distinct red shift with increasing
ellipticity κ = a z a x . Incident light with a polarization
state that is chosen to couple to both SP resonances can
therefore be absorbed in a very broad spectral range from
the UV part to the near-infrared one. Therefore, coverage
of the semiconductor surfaces with these elliptical

restriction arises because of the average distance between
nanoparticles should be no shorter than the diameter of
nanoparticles in the plane of the silicon surface [2].
Therefore, the maximum concentration of nanoparticles
f pmax − 0.2 is used in the present model, and we also
consider an effective target function

(
)
+
= Tf (κ, f p , ϑ) + α1 [ f p − f pmax ] + α 2 [− f p ]+ ,

Tf eff κ, f p , ϑ =

(12)

where α1 and α2 are positive constants chosen from the
theory of constrained optimization and the Karush–
Kuhn–Tucker (KKT) conditions [23]: [a ]+ = Max{0, a}.
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Taking the additional restriction of the surface coverage
into account, the unconstrained problem (11) can be
represented as the minimum of the effective target
function (12). The second and the third terms in the righthand side of (12) with α1 and α2 are non-zero, when the
surface density falls out of the restrictions 0 ≤ f p ≤ f pmax .

2. Results and discussion
In what follows, we consider the simplest conceivable
absorption profile, i.e., I0(ω) = I0= const, as a target
spectrum for the hybrid layer illuminated with p-polarized light. To perform the optimization of the target
function (11) or (12), we use the pattern search method
[23]. In order to get a first approximation, one can plot
contour maps of the distribution of target function values
as a function of the shape parameter κ and the angle of
incidence θ at fixed surface coverage with nanoparticles
of 0.1 (Fig. 2).
The contour maps show black circles marking the
region with the smallest values of the target function.
Taken the position of the center of dark spots with the
surface density as the first approach for the pattern
search, one can obtain the optimized configuration by
further optimization of all three control parameters.
In all cases, less than 20 cycles of pattern search are
necessary for the optimization problem to converge with
an error of 10–3.
The dependence of the optimized parameters on the
number of nodes N in (11) or (12) for different nanoparticle materials and substrates is shown in Tables 1 and 2.
In all the cases, with increasing the number of nodes, the
minimum value of the target function (11) decreased.
The optimized values of the shape parameter κ and the
angle of incidence θ are asymptotically approximated by
some fixed values. The optimized surface coverage in the
case of gold and silver nanoparticles reaches a predefined
limiting value of 0.2. This means that the target function
(12) was optimized. By contrast, for copper particles, it
suffices to optimize the target function (11). Specifically,
for copper nanoparticles, the optimized configuration
results in the smallest target function Tfmin ≈ 0.00446
with κopt ≈ 5.48, fopt ≈ 0.094, and θopt ≈ 0.487 or θopt ≈ 28°
for 101-points approximation. Similarly, for gold nanoparticles, the configuration of the smallest target function
Tfmin ≈ 0.0147 is κopt ≈ 5.334, fopt ≈ 0.2 and θopt ≈ 0.295 or
θopt ≈ 16.9° for 101-points approximation. The optimized
values of absorption for gold and copper nanoparticles
arrays are close to the target value of I0 = 0.5. For silver
nanoparticles, however, the effective absorption is much
lower, most likely since interband absorption effects are
considerably reduced as compared to those in gold and
copper. We have therefore limited the target value to
I0 = 0.2.
Comparison of the data of Tables 1 (εs = 4) and 2
(εs = 12) shows that the optimized surface density of
nanoparticles weakly depends on the dielectric function
of substrate εs. This can be nicely seen for, e.g., gold
nanoparticles in Fig. 3a, where a smooth increase of the
optimized shape parameter κopt with the increasing εs can
be observed. Similarly, a smooth dependence of the

Fig. 2. Contour maps of the target function for surface coverage
with 0.1 density for (a) gold and (b) copper nanoparticles with
rotation axis directed along OZ (ax = ay), εs = 4, p-polarized
light.

Fig. 3. (a) Dependence of the optimized shape of gold
nanoparticles and (b) that of the angle of incidence of external
light on the dielectric function of the semiconductor substrate
for p-polarized external light.

optimized values of angles of incidence on εs is seen in
Fig. 3b. By means of the data in Tables 1 and 2 as well as
the curves in Fig. 3, one can theoretically predict the
optimized morphologies of gold nanoparticle arrays on a
semiconductor surface for a wide range of dielectric
function values εs.
We calculated the absorption spectra (Fig. 4) for
optimized configurations of a semiconductor layer with
εs = 4 covered with (a) copper and (b) gold nanoparticles.
We found that the optimized nanoparticles (Table 1)
significantly increase the absorption at all wavelengths in
the visible spectral range (Fig. 4, top curves (red)). As
seen in Table 1, an increase in the number of spectral
nodes in the target function (11) or (12) results in a
slightly improved match of the target spectrum (Fig. 4,
straight lines (black)). Similarly, also the optimized
configurations for a larger dielectric function of the
substrate (Table 2) significantly increase the absorption
at all wavelengths in the visible range, as shown in
Fig. 5. Importantly, in stark contrast to the absorption
spectra of spherical particles (bottom lines (blue) in Figs.
4 and 5), the optimized absorption spectrum not only
shows a significant absorption for the wavelengths below
600 nm. All optimized spectra display a distinct long
wavelength absorption band around 700 nm, resulting
from the coupling of the external light to the longitudinal
SP resonance of the elliptical nanoparticles. Evidently,
the ability to couple light to both the transverse and
longitudinal SP resonances of the elliptical nanoparticle
dramatically enhances the absorption throughout the
visible and near-infrared spectral ranges.
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Table 1. Optimized values of the target function and parameters κ, fp, θ, εs = 4, p-polarized external light.

N
Cu

6
11
21
51
101
6
11
21
51
101
6
11
21
51
101

Au

Ag

Tfmin
0.00446
0.00461
0.00446
0.00427
0.00419
0.0157
0.0160
0.0152
0.0148
0.0147
0.0142
0.0137
0.0128
0.0127
0.0126

κopt
5.914
5.672
5.566
5.502
5.480
5.775
5.564
5.444
5.369
5.344
7.030
6.799
6.465
6.498
6.455

fopt
0.094
0.092
0.093
0.094
0.094
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2

θopt
0.468
0.487
0.488
0.487
0.487
0.278
0.293
0.294
0.295
0.295
0.200
0.237
0.259
0.275
0.280

I0
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.2
0.2
0.2
0.2
0.2

Table 2. Optimized values of the target function and parameters κ, fp, θ, εs = 12, p-polarized external light.

N
Cu

Au

Ag

6
11
21
51
101
6
11
21
51
101
6
11
21
51
101

Tfmin
0.00619
0.00652
0.00648
0.00630
0.00623
0.0174
0.0170
0.0165
0.0165
0.0164
0.0123
0.0124
0.0115
0.0114
0.0112

κopt
6.098
5.862
5.743
5.673
5.650
6.041
5.911
5.739
5.642
5.610
7.295
7.114
7.053
6.956
6.935

fopt
0.092
0.088
0.089
0.090
0.090
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2

θopt
0.418
0.442
0.440
0.440
0.441
0.258
0.264
0.263
0.262
0.262
0.215
0.242
0.266
0.284
0.291

I0
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.2
0.2
0.2
0.2
0.2

Fig. 5. The absorption spectra for (a) copper nanoparticles and
(b) gold nanoparticles. The bottom curves (blue) correspond to
the absorption spectra of a sufficiently low density of spherical
nanoparticles. The straight lines (black) show the target spectra.
The top curves (red) correspond to optimized configurations of
nanoparticles coverages, εs = 12, p-polarized external light
(Color online).

Fig. 4. The absorption spectra for (a) copper nanoparticles and
(b) gold nanoparticles. The bottom curves (blue) correspond to
the absorption spectra of a sufficiently low density of spherical
nanoparticles. The straight lines (black) show the target spectra.
The top curves (red) correspond to optimized configurations of
nanoparticles coverages, εs = 4, p-polarized external light
(Color online).
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Our analysis of optimization shows that coverages
consisting of the needle-like nanoparticles with the
length near 110…140 nm provide efficient absorption in
all the visible range. Nanoparticles are big enough and
absorption in them is much less than the scattering by
them into the semiconductor substrate. In the work [7],
it was shown that, for spherical nanoparticles with
the diameter larger than 60 nm, the effective scattering
area is much larger than the effective absorption area.
Although the effective values of scattering and
absorption have to be taken into account for further
studies, the shape of our optimized nanoparticles is in
well qualitative accordance with the results of scattering
by oblate and prolate single spheroidal nanoparticles on
semiconductor surface [20] and with the results of
optimization of coverage inherent to the silicon surface
with an oblate cylinder or hemisphere [2].
The optimized spectra in Figs. 4a, 5a and Figs. 4b,
4b are qualitatively similar, showing a comparatively
moderate influence of the substrate on the optimized
absorption spectrum. Using the optimized shape
parameters and angles of incidence of the light field from
Fig. 3, one can, in this manner, calculate the absorption
spectra of metallic nanoparticle arrays for a broad range
of dielectric functions εs and, hence, for several different
types of semiconductor substrates.

only partially contribute to an enhanced light trapping by
the semiconductor substrate. In the future work, we aim
at using similar strategies to directly optimize the power
conversion efficiency of solar cell devices covered with
metallic nanostructures by implementing more realistic
models for the current transport through the device. We
anticipate that the optimization method developed in this
work will contribute significantly to an improved lightto-current conversion efficiency of plasmonicallyenhanced photovoltaic devices.
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