Semiconductor Physics, Quantum Electronics & Optoelectronics, 2025. V. 28, No 4. P. 424-431.

Semiconductor physics

Distribution of Mg and Ti atoms over octahedral sites and

physical properties of Mg, TiO,

N.L. Kashirinal*, L.V. Borkovska', Ya.O. Kashyrinaz, 0.S. Murat0v3, 0.S. Roik®

V. Lashkaryov Institute of Semiconductor Physics, NAS of Ukraine, 41 Nauky Avenue 03028 Kyiv, Ukraine
*Frantsevich Institute for Problems of Materials Science, NAS of Ukraine

3 Omelyan Pritsak Street, 03142 Kyiv, Ukraine

Taras Shevchenko National University of Kyiv, Faculty of Chemistry,
12 Hetmana Pavila Skoropadskoho Street, 01033 Kyiv, Ukraine

“Corresponding author e-mail: kashirinal 506@gmail.com

Abstract. Ceramics based on Mg,TiO4; (MTO) are widely used in numerous modern
quantum electronic devices. The present paper deals with a study of cubic and tetragonal
modifications of MTO. The band gap and electron state density of the cubic MTO are
calculated for different distributions of Mg and Ti atoms over octahedral positions in the
unit cell. Both random distributions of atoms over the octahedral positions and highly
symmetric combinations are considered. The band gap as a function of the total energy of
the unit cell is constructed. The band gap width increases at decreasing the free energy of a
crystal. The highly symmetric distribution of atoms over the octahedral positions is shown
to lead to a transition from cubic MTO to tetragonal syngony with a lower energy
compared to an MTO cubic crystal with a random distribution of atoms over the octahedral
positions. The band gap width for the cubic Mg, TiO, with a random distribution of Mg and
Ti atoms over the octahedral positions calculated by us using Vienna Ab initio Simulation
Package (VASP) was 4.086 e¢V. The obtained results are in a good agreement with

experimental data. The calculated band gap width for tetragonal MTO was 4.988 e¢V.
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1. Introduction

Ceramics based on Mg, TiO, (MTO) are widely used for
producing refractory materials [1, 2], electrodes in
magnesium ion batteries [3, 4] as well as in high-
precision quantum electronics devices for fabricating
resonators, filters, and antennas operating at microwave
frequencies [5-9]. Recently, significant progress has
been achieved in production of compact and stable white-
light light-emitting diodes (LEDs) with excellent
performance characteristics and a long service life [10].
MTO with Mn*" impurities is a promising material for
fabricating such LEDs due to its relative cheapness and
good prospects for achieving desired optical
characteristics of light emission by substitution of Ti*"
jons with Mn*" ions [11, 12].

In cubic MTO, 8 Ti atoms and 8 Mg atoms are ran-
domly located in octahedral positions. This circumstance
complicates calculation of the band structure of the cubic
MTO because one or another specific arrangement of
atoms in the unit cell must be selected. The same applies

to the calculations of the energy of a crystal with
impurity atoms [13]. Experimental values of the zone
width vary from 3.55 eV [14] to 4.33 eV [12]. The band
gap values of MTO nanoparticles range between 3.26
and 3.78 eV [15]. Note that the experimental value of the
cubic MTO band gap of4.33 eV [12] is close to the value
of 4.4 eV obtained for MgTiOs crystals [16].

The value of the band gap of 2.4 eV was obtained
theoretically [13] using Vienna Ab-initio Simulation
Package (VASP) [17] with the Perdew—Wang functional
(PWO91) [18] within the generalized gradient
approximation (GGA). It should be noted that this value
is significantly lower than the respective experimental
results.

In this work, we studied the effect of a choice of the
distribution of Mg and Ti atoms over octahedral positions
on the energy of the crystal lattice and the band gap. Both
random distributions of atoms over the octahedral
positions and highly symmetrical combinations were
considered. At this, one of the structures studied here was
the one considered in [13].
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2. Crystal structure of Mg,TiO,4

Magnesium orthotitanate forms colorless crystals of
tetragonal syngony belonging to the space group P4,22.
The unit cell parameters are a, = 5.9748 A, ¢, = 8.414 A,
and Z=4. At temperatures above 700 °C, transition to
cubic syngony phase occurs. This syngony belongs to the
space group Fd3m, and the unit cell parameters are
a.=8.4376 A, and Z = 8 [19]. The method for obtaining
MTO is described in [12]. Note that the unit cell
parameters of the cubic MTO may slightly differ in
different sources [11, 12, 19-21]. Thus, in [11], the unit
cell parameter of the cubic MTO is a. = 8.4452 A, while
the diffraction pattern obtained in [12] corresponds with
high accuracy to the results provided in [21], where the
unit cell parameter is a, = 8.4409 A. For the calculations
performed in the present work, we choose this structure
as the initial one. The initial CIF file used in our
calculations was taken from the database [22]. The MTO
unit cell is described in [21]. Fig. 1 shows the MTO
structure typical for cubic crystals with inverse spinel
structure, constructed using VESTA software [23].
Magnesium atoms occupy tetrahedral positions as well as
octahedral positions, which they share with titanium
atoms randomly distributed among them. Hence, the
occupancy of the latter position by both Mg and Ti atoms
is 0.5. Then, 8 magnesium atoms and 8§ titanium atoms
can occupy any of the 16 octahedral positions of the
MTO with equal probability. The unit cell of the MTO
consists of 56 atoms and is shown in Fig. 1. Fig. 2 shows
an example of a structure with one of the possible
distributions found using a random number generator
(8 positions out of 16 possible ones).

To calculate the crystal characteristics, one should
select the positions of the atoms included in the unit cell.
In this case, both the energy of the crystal and its
physical characteristics such as the band gap, the density
of states (DOS) and the band structure will depend on the
distribution of atoms in the unit cell. The subset of Mg
and Ti atoms occupying the octahedral positions in the unit
cell, the coordinates of which are given in Table 1, corres-
ponds to a distribution similar to that in an amorphous state.

2. Algorithm for calculating various atom

distributions over octahedral positions

The structure of the unit cell of MTO consisting of
56 atoms, the 16 of which fill the octahedral positions
(8 Ti atoms and 8 Mg atoms) with equal probabilities, is
shown in Fig. 1. We fill these positions according to
certain rules, which are as follows:

1. Let us number the coordinates of the 16 octa-
hedral positions in the MTO lattice. In Table 1, this
numbering is presented in the column “Position”. Next,
we should go through all the possible arrangements of
r=28 Ti atoms in n=16 positions, excluding identical
combinations that appear as a result of taking into account
the positions associated with permutation of identical
atoms, i.e., taking into account the indistinguishability of
the atoms of one element among themselves. The number
of such arrangements of the atoms in the unit cell can be
calculated using the following expression:

Fig. 1. Unit cell of Mg,TiO4. Magnesium (green) and titanium
(gray) atoms are distributed over octahedral positions (gray-
green) with equal probabilities, oxygen corresponds to red
spheres.

Fig. 2. Unit cell of Mg,TiO4. Magnesium and titanium atoms
are randomly distributed over octahedral positions (one of the
possible combinations is shown).

N=ocro M s _yag70. Q)

r! (n - r)! r!

This procedure may be characterized as generating
combinations of 8 list elements by 16 positions without
repetitions. The algorithm used to find all the possible
configurations is included in the standard library of
Python 3 language [24]. An example of the used
algorithm is presented on the website [25].

2. It is logical to assume that some structures are
spatially equivalent to others, so we reduced the number
of the studied combinations as follows:

a. Using an atomic simulation environment (ASE)
package [26] and a Spglib module [27], the space group
of each unit cell was determined.

b. The entire set of the structures was divided into sub-
groups depending on the found space symmetry group.
Using the algorithm presented in [28], the equivalence of
any two structures within each subgroup was determined.
If any such structures were found, the second structure was
removed from subsequent comparison. The process con-
tinued until the structures in the group were exhausted.
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Table 1. Coordinates of 16 octahedral positions where Mg and Ti atoms can be located.

Position X Y Z Position X Y V4
1 0.375 0.375 0.375 9 0.875 0.125 0.625
2 0.375 0.875 0.875 10 0.875 0.625 0.125
3 0.875 0.375 0.875 11 0.375 0.125 0.125
4 0.875 0.875 0.375 12 0.375 0.625 0.625
5 0.125 0.875 0.625 13 0.125 0.625 0.875
6 0.125 0.375 0.125 14 0.125 0.125 0.375
7 0.625 0.875 0.125 15 0.625 0.625 0.375
8 0.625 0.375 0.625 16 0.625 0.125 0.875

3. Several configurations that modeled statistical
distribution of the atoms over the octahedral positions
(such combinations, as a rule, corresponded to MTO unit
cells with no symmetry elements) were randomly selected
from the obtained structures. Moreover, at least one struc-
ture representing each specific space group was selected.

3. Energy and band gap of MTO

Table 2 presents the total energy of the crystal cell and
the corresponding band gaps for different distributions of
Mg and Ti atoms over the octahedral sites. The
calculations were performed using the Heyd—Scuseria—
Ernzerhof (HSE) hybrid functional [29]. The values
marked with asterisks were calculated using Quantum
Espresso (QE) program [30] with the Gaussian—Perdue—
Burke-Ernzerhof (GAUPBE) hybrid functional [31]. In
the column “Positions occupied by Ti”, various arrange-
ments of 8§ Ti atoms in 16 octahedral positions are pre-
sented. The remaining octahedral positions are occupied
by Mg atoms. The coordinates of the atoms in the
octahedral positions are numbered according to Table 1.
The numbering of the wvarious structural
configurations is presented in the column “Structure”.
The distribution of atoms No 1 in the column “Structure”
corresponds to the MTO unit cell considered in [13]. Five
subgroups were randomly selected from the obtained
structural subgroups (they are designated by ordinal
numbers 2-6 in the “Structure” column in Table 2).
Moreover, one example corresponding to other possible
spatial groups was also given. In total, 23 combinations
are presented in Table 2. The combination No 23 corres-
ponding to the space group P4,22 illustrates the possibility
of structural transition from cubic to tetragonal symmetry
with structural ordering of atoms over the octahedral sites
of the MTO unit cell. This space symmetry group corres-
ponds to the tetragonal modification of MTO, which
contains not 56, but 28 atoms in the unit cell. The struc-
ture No 24 corresponds to the MTO tetragonal syngony.
The energy is halved (in absolute value) compared to the
same structure No 23 due to the fact that the number of
atoms in the unit cell is half as much. The tetragonal
modification of MTO has a lower energy per atom
compared to the cubic modification with a statistical
distribution of Ti and Mg atoms over the octahedral
positions, i.e. it is more stable. Structural transition from

the tetragonal to the cubic syngony of the MTO occurs at
a temperature above 700 °C [19]. This transition can be
explained by the fact that with an increase in temperature,
the highly symmetric distribution of atoms over
octahedral positions changes to a statistical distribution,
i.e. the crystal sublattice corresponding to the octahedral
positions “melts” and transforms into a disordered state.
When the crystal is rapidly cooled, the high-temperature
cubic modification of the MTO retains its properties. At
low temperatures, the cubic modification of MTO exists
as a metastable state, separated from the stable state
corresponding to the tetragonal modification of Mg,TiO,
by a potential barrier. Phase transition between the cubic
and tetragonal structures occurs with conservation of the
molar volume [19]. The features of the temperature
transitions from the cubic to tetragonal syngony and the
reverse transition for epitaxial MTO films were studied
in [32]. In [33] the transition from the cubic to the
tetrahedral modification of MTO under pressure was
investigated. In all cases, the phase transition to the
tetragonal structure occurs as a result of ordering of Mg
and Ti atoms over the octahedral positions. Natural
modification of Mg,TiO, corresponds to the tetragonal
structure, which is a slightly distorted cubic one [19, 32].

The total energy and band gap of MTO with
different arrangements of Mg and Ti atoms in octahedral
sites are presented in Table 2. The energy and band
structure of the MTO were calculated by the ab initio
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Fig. 3. Dependence of the band gap width of Mg,TiO,4 on the
unit cell energy.
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Table 2. Total energy and band gap width for different arrangements of Ti and Mg atoms in octahedral positions of Mg, TiO,.

No | osiionsoceupiedbyTi | TRETCENIEY | S vASS) | (iSE vASP)
1 1,4,5,7,9,10, 13,16 [13] C2/m —489.1974565 4.06,4.3"

2 1,2,3,5,6,7,8,16 P1 —488.9228768 3.774,3.78"
3 3,4,5,8,13, 14,15, 16 C2/m —489.3718661 4.331

4 1,3,4,8,9,10, 15,16 P1 —487.0414256 3.132

5 1,4,6,7,9,10, 11,15 P1 —487.549394 3.221

6 1,5,7,8,11, 13,14, 15 P1 —489.3258126 4.086,4.01°
7 1,2,5,8,11,12,14, 15 P2 —486.9532775 2918

8 1,2,3,6,8,11,12, 14 Cm —487.1469256 2.997

9 2,3,8,10,13, 14, 15,16 C2 —488.6478972 3.581

10 1,2,3,4,11, 12,13, 15 P-1 —488.8634797 3.694

11 1,3,4,6,7,8, 10, 15 Cmm?2 —486.8945498 3.171

12 3,4,5,7,9,11, 15,16 P 4, —488.5856688 3.943

13 1,3,4,7,9,11,12,13 C222 —490.2643026 4.761

14 2,3,6,8,10, 11, 13, 15 P4 —488.3620478 3.658

15 4,5,7,8,10,11,12,13 P2, —489.2704516 4.229

16 2,4,7,8,11,12,13,15 P4, —488.5901718 3.954

17 1,2,5,6,11,12,13, 14 P-4m2 —485.7435037 2.86

18 5,6,7,8,9,11, 14, 16 P2/m —488.0746084 3.355

19 1,4,6,7,9,12,14, 15 Pma2 —488.3289842 2.942

20 1,4,9,10,11, 12,13, 16 P2/c —490.0479063 4.7

21 1,2,3,4,5,6,7,8 Imma —489.4465001 4.146

22 1,4,5,8,10,11,13, 16 P4;22 —490.588277 4.967

23 (Tetr.) 2,3,5,8,10,11, 14,15 P4,22 —490.588282 4.967

24 (Tetr.) P4,22 —256.9955726 4.988

Note: “calculations performed in Quantum Espresso (QE) program [30] using the Gaussian—Perdue-Burke-Erzerhof
(GAUPBE) hybrid functional [31].

method within the framework of the density functional
theory using a VASP software package [17], developed
for calculating and modeling electronic structure and
molecular dynamics of crystal lattices of solids and
liquids. For Mg, Ti, and O atoms, the PAW pseudo-
potentials were chosen for the valence electrons filling
the 3s> (PAW _GGA Mg 05Jan2001), 3d%4s’
(PAW_GGA Ti 08Aug2001) and 2s2p* (PAW_GGA
O_s 04May1998) shells, respectively. The cutoff energy
was assumed to be 520 eV. The unit cell of pure MTO
contains 8 Ti, 16 Mg, and 32 O atoms. The unit cell
parameter of the initial cubic MTO was taken to be
8.440 A. The Brillouin zone for the 56-atom unit cell was
calculated using a 3x3x3 k-point grid. The energy
convergence was at least 10~ eV/atom. Fig. 3 shows the
dependence of the band gap on the unit cell energy for
different spatial distributions of Mg and Ti atoms over
the octahedral positions. With a decrease in the unit cell
energy (increase in its absolute value), the band gap
increases. The random distribution of atoms over the

positions in the MTO wunit cell shown in Fig. 2
corresponds to the structure No 6 in Table 2.

Fig. 4. Crystal structure of tetragonal MTO (56 atoms in a unit
cell, the structure No 23 in Table 2).
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Fig. 5. Crystal structure of tetragonal MTO (28 atoms in a unit
cell, the structure No 24 in Table 2).
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Fig. 6. Density of states for the cubic MTO, the configuration
No 6 in Table 2 (56 atoms in a unit cell). Unit cell parameters
and volume are a,= 8.4398 A and V.= 601.176 A>.
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Fig. 7. Density of states for the tetragonal MTO, the
configuration No 23 in Table 2 (56 atoms in a unit cell). Crystal
cell parameters and volume are a., = 8.4505, ¢, =8.4198, and
V., =601.266.
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Fig. 8. Density of states for the tetragonal MTO, the
configuration No 24 in Table 2 (28 atoms in a unit cell). The
unit cell parameters are a,=5.9758 A, ¢,=8.3948 A, and
V,=299.78 A3.

Fig. 4 shows an MTO structure with a highly sym-
metric distribution of atoms over the octahedral positions,
corresponding to the structure No 23 in Table 2. This
structure is equivalent to the MTO of the tetragonal
syngony with a unit cell consisting of 28 atoms (structure
No 24) shown in Fig. 5. Possible orientations of a unit
cell consisting of 28 elements relative to a cubic structure
are analyzed in [32].

The values of the band gap presented in Table 2,
marked with asterisks, were calculated using a QE
software package [30] with the Gaussian-Perdue—Burke—
Ernzerhof (GAUPBE) hybrid functional [31].

Figs. 6, 7, and 8 show the densities of states for
various MTO configurations. Fig. 6 uses the
configuration corresponding to the space group P1 as an
example (random distribution of Mg and Ti atoms over
the octahedral positions, no symmetry elements, this is
the configuration No 6 in Table 2). Fig. 7 shows an
example of the DOS for a configuration with an ordered
arrangement of Mg and Ti atoms over the octahedral
positions (configuration No 23, space group P 4, 2 2).
Fig. 8 shows the DOS for the tetragonal MTO structure
obtained by VASP calculation for a unit cell consisting
of 28 atoms, the configuration No 24 in Table 2.

4. Conclusions

The paper considers various options for ordering Ti and
Mg atoms over octahedral positions of a cubic MTO
crystal. It is shown that calculations of the crystal lattice
energy and band structure parameters performed with
VASP and QE software packages lead to satisfactory
agreement between the results obtained using the Heyd—
Scuseria—Ernzerhof (HSE) [36] functional and the
GAUPBE (QE) hybrid functional.

The band gap increases with decrease in the unit
cell energy and depends on the distribution of atoms over
the octahedral positions. The lowest energy state of the
crystal lattice corresponds to an MTO crystal with
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tetragonal symmetry. At increasing temperature, the
MTO crystals with the tetragonal symmetry transform
into the cubic MTO due to disordering of Ti and Mg
atoms over the octahedral positions.

Phase transitions associated with ordering of atoms
in the octahedral positions characterized by appearance
of a short-range order in normal spinels with the space
group Fd—3m and inverse spinels P4,22 were studied in
[34] using the Monte Carlo method. The calculations
were carried out in the temperature range from 0 to
3000 K with a step of 100 K. The materials MgAlGaOy,,
MgAlL,O4, MgGa,04 were considered as samples. Unlike
Ref. [34], we investigated not the transitions between the
reverse and direct spinels, but ordering of the Ti and Mg
cations over the octahedral positions in the reverse
spinel. The tetragonal structure of the MTO can be
characterized as a type of reverse spinel with a high
degree of ordering of the Mg and Ti cations over the
octahedral positions.

The calculated crystal cell parameters of the
tetragonal MTO with a crystal cell consisting of 56 atoms
(No 23 in Table 2) are a., = 8.4505 A, c.,= 8.4198 A, and
V,,=601.266 A’. This structure is a slightly distorted
cubic cell of MTO with the calculated cell parameters
a.=8.4398 A and ¥,=601.176 A® (No 6 in Table 2). The
tetragonal crystal cell of MTO consisting of 56 atoms
corresponds to a slight compression along ¢ and
extension along a of the cubic cell. Phase transition from
the cubic to the tetragonal structure occurs without
changing the molar volume of the crystal V. [19]. The
crystal cell corresponding to the tetragonal structure
shown in Fig. 4 is not the unit cell of MTO. Due to the
ordering of Mg and Ti atoms over the octahedral
positions, the unit cell of the tetragonal MTO contains
not 56, but 28 atoms. Recalculation of the crystal cell
parameters a, and c., shown in Fig. 4, into the parameters
a, and ¢, of the unit cell consisting of 28 atoms shown in
Fig.5 can be carried out according to the rule
a,=a,N2=59754 and ¢,=c,=84198A. The
calculated values of the unit cell parameters for the
28-atom cell are a,=5.9758, ¢,=8.3948 A, and
V,=299.78 A’. The experimental values of the cubic and
tetragonal unit cell parameters of MTO obtained in [19]
are a.=8.4376 A, V.=600.71 A> and a,=5.9448 A,
c,=8.414 A, V,=300.77 A>. Note that calculation with
the crystal cell parameters of the tetragonal modification
of MTO, performed with 56 atoms, gives better
agreement with the experiment than the calculation
performed for the unit cell with 28 atoms.

In [13, 35], the band structure of the cubic
modification of MTO was calculated using the GGA
functional [18]. The model of the cubic MTO crystal
lattice used for the calculations in [35] corresponds to the
configuration No 1 in Table 2. The band gap calculated
in [35] was 2.2 eV, which is significantly lower than the
experimental values lying in the range of 3.7 to 4.42 eV
(see [35] and the references therein). Use of the HSE
functional significantly improved the agreement with the
experiment for the band gap value of the MTO.

Therefore, the band gap for the cubic MTO lattice
model proposed in [36], calculated by us, was 4.06 eV.
The band gap of 4.331 eV corresponding to the structure
No 3 in Table 2 reproduces with high accuracy the
experimental value of 4.33 eV obtained in [12]. At the
same time, both the GGA and HSE functionals reproduce
with high accuracy the parameters of the crystal structure
of both cubic and tetragonal MTO. As a model of the
cubic MTO, we selected the structure No 6 in Table 2
having no symmetry elements in the unit cell, since it
corresponds to the most numerous structures with
random distributions of Ti and Mg atoms over the
octahedral positions of the crystal.
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Po3noain aromis Mg ta Ti 3a okTaenpuyHuMu no3unigsvu ta ¢piznyHi Baacrusocti Mg,TiO,
H.I. Kanmpina, JI.B. BopkoBcbka, 51.0. Kamupina, O.C. Myparos, O.C. Poik

Amnoranis. Kepamika Ha ocHoBi Mg,TiO; (MTO) mMpoKo BHKOPHUCTOBYETHCS B YHCICHHUX CYYaCHHUX KBAaHTOBHX
€JIEeKTPOHHUX MPUCTPOsX. Y poOOTi AOoCTHimKeHo KyOiuHi Ta TerparoHansHi Moaudikarii MTO. Po3paxoBano mmpuHy
3a0OPOHEHOT 30HH Ta T'YCTUHY €JIEKTPOHHUX cTaHiB Kyoiunoro MTO ans pisHux posnofinie aromiB Mg Ta Ti 3a okra-
€IPUYHAMH TIO3MLISIMU B €JIEMEHTapHIH Komipli. PO3rIIsTHYTO SIK BHIAIKOBI PO3MOALIM aTOMIB IO OKTaeApHYHHUX
MO3MIIAX, TaK 1 BUCOKOCHMETpUYHI KoMmOiHamil. [To0ymoBaHO 3a1€XKHICTh IIMPHHHA 3a00POHEHOI 30HHM BiI MOBHOT
eHeprii enemeHTapHoi komipku. [llupuHa 3a00poHeHOT 30HN 30LIBLTYETHCS 31 3MEHIIEHHIM BUIbHOT €Heprii Kpucrana.
INokaszaHo, 10 BUCOKOCUMETPHYHUH PO3IMOILT aTOMIB MO OKTACIPHYHMX ITO3MILIX MPHUBOIUTE 0 MEPEX0ay KyOiqHOTO
MTO 5o TeTparoHalbHOI CHHIOHII 3 HHMIXKYOIO €Heprieto mopiBHAHO 3 KyOidHUM MTO 3 BUNAgKOBHM pO3MOALIOM
aTOMIB 1O OKTaeApuyHuX nosumisx. lllupuHa 3a6oponenoi 30Hn it KybiuHoro MTO 3 BHIaIKOBUM PO3NOALIOM
aTOMIB MAarHifo Ta TUTaHY IO OKTaCAPWYHMX MO3WIIAX, pO3paxoBaHa 3a JAOTIOMOIOI0 MPOTPAMHOTO TMaKeTy Vienna
AD initio Simulation Package (VASP), nopiBHioe 4,086 eB. OtpumaHni pe3ysnbratu 100pe y3roJHKyIOThCS 3 eKCIIepH-
MEHTaIbHIMHU JaHuMH. Po3paxoBaHa mmprHa 3a00poHEHOT 30HN [T TeTparoHadbHoro MTO nopiearoe 4,988 eB.

Karouosi ciioBa: Mg, TiO,4, 0OepHEHa mITiHENb, PO3paXyHOK 30HHOT CTPYKTYpH, I'yCTHHA CTaHIB.
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