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Absract. Mathematical model is formulated for  piezoelectric detection of the photoacoustics effect in
optically semitransparent and thermally thick object with subsurface non-homogeneity in the case of
free holding a piezodetector in a photoacoustic cell of the respective microscope. The model enables to
estimate the influence of subsurface defects on the photoacoustical signal and to take into account the
contribution of this factor into output signal of investigated objects.
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In recent years photoacoustic microscopy methods (PAM)
with a piezoelectric signal detection are widely used as a
non-destructive method of checking the material quality and
products of electronic industry.

PAM is based on a phenomenon of generation and
spreading of both thermal and acoustic waves excited by
modulated in intensity laser radiation, I. The absorbed radi-
ation heats the enlightened area (Fig.1), and the periodic
thermal fluxes Qt spreading in the object appear.

Owing to periodic heating and thermal deformation,
acoustic waves with the same frequency as the thermal ones
appear and spread within a sample. The acoustic oscilla-
tions appeared in the object are detected by a piezosensor.
The rise and spread processes of both thermal and acoustic
waves depend on the local area properties near a point of
excitation. Therefore, it is possible to get a spatial distribu-
tion of the undersurface area properties by moving a laser
beam along the sample surface and synchronously detecting
a photoacoustic signal [1-3].

To detect the photoacoustic signal (PAS) a piezoelectric
method based on the direct detection of an acoustic wave in
the object is often used as the most sensitive one [4-6].

Now, there is no any common and universal model of a
photoacoustic effect (PAE), which makes it difficult to de-
code photoacoustic images. Usually some assumptions are
accepted and simplified models are proposed for concrete
experimental conditions. For example, in condensed media
the Jackson-Amer model is widely used for interpretation
PAE with a piezoelectric signal detection [2]. However, it is

valid only for homogeneous samples while the ones with
the inner inhomogeneities are usually interesting in the most
of practical cases. The same deficiency is also habitual to
the piezoelectric detection model elaborated by A. I. Moro-
zov [5]. Therefore, required is a further development of the
mathematical model which would allow one to describe more
adequately results of testing nonhomogeneous objects us-
ing the PAM.
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Fig. 1. Scheme of the photoacoustic effect in solid.
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Theoretical model

An infinite many layer system (Fig.2) modeling the isotro-
pic crystal with impurity centres was studied. To calculate
PAS values detected by a piezoelectric transduccer of the
longitudinal bulk waves, which has the acoustic contact with
the object, full thermoelasticity equations in one-dimensional
geometry were solved with account of the following assump-
tions:

1) sample is optically opaque (the absorption of radiation
is described by the exponential law);

2) sample is optically and thermally thick;
3) the heat exchange with air on the object surface is ne-

glected;
4) the contact of the sample surface with a piezoelectric

transformer is considered as the ideal one and acoustic
reflection from the interface is neglected;

5) sample is thermally and acousticaly homogeneous on
each interface;

6) mechanical strains and deformations are continuous;
7) interfaces at x = 0 and x = l1 are free.

PAE consists in that the investigated object is periodi-
cally heated under irradiation with the intensity modulated

in accord to expression )cos1(
2
0 t

I
I ω+=  . Such heating

causes acoustic oscillations in a sample. These oscillations
are detected by piezoelectric longitudinal bulk waves trans-
ducer whose electrical signal gives information on both
optical and thermoelastic object properties. The open-cir-
cuit voltage V on the piezosensor plates is proportional to a
difference of the bias amplitudes u on its boundaries:
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= , e is a piezomodulus, sε is a dielectric

constant of the squeezed crystal.
Therefore, PAE calculation with the piezoelectrical de-

tection is reduced to an evaluation of the difference of bias
amplitude displacements on the piezosensor boundaries. For
this purpose it is necessary to solve jointly equations of a
thermal conduction and wave equations for the sample with

the sizes lx ≤≤0 , for the inhomogeneity with the sizes

1hxh ≤≤ ,  and for the piezosensor with the sizes 1lxl ≤≤ .

 Let us enter the following designations:

h=1δ ;     hh −= 12δ ;      13 hl −=δ ;     ll −= 14δ .

The indexes j=1…4 used also for others parameters in
the text are related to these boundaries.
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For 1lxl ≤≤ :
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where θj is a temperature; uj is a bias; αj is a coefficient of
the cubic expansion; vj  is a spreading velocity of the longi-

tudinal bulk waves; 
T

j
j

c

B=η , B is a bulk cofficient of elas-

ticity; µλ 2+=T
jc , λ and µ are the Lame coefficients.

Equations (1) - (7) are solved with the following bound-
ary conditions:
On the interface «air – sample» x = 0:

0
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On the right side of the interface «homogeneous layer –
defect»:

)()( 21 hh θθ = ,                                                                  (9)

x

h

x

h

∂
∂θκ

∂
θ∂κ )()( 2

2
1

1 = ,                                                (9a)

)()( 21 hThT = ,                                                                (9b)

0            h               h1                l                      l1            x

I

Fig. 2. Geometry of the task of PAE piezoelectrical detection. lx ≤≤0
are the sample sizes, 1hxh ≤≤  are the defect sizes (model layer),

1lxl ≤≤  are the piezotransducer sizes.
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On the back side of the interface «defect - homogeneous
layer»:
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On the interface «sample – piezo-sensor»:

0)(3 =lθ ,                                                                       (11)
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On the piezosensor free surface:

0)( 14 =lT ,                                                                     (12)

where kj is a thermal conductivity; Tj  are the strains.
Formulating these requirements it was considered that

the boundary conditions are the mathematical formulation
of the proposed assumptions, namely, that the heat exchange
on the interface of air with the object can be neglected (8),
the object is thermally thick (11), the mechanical strains
and deformations are continuous (9b), (9c), (10b), (10c),
(11a), (11b), and the boundaries x = 0 and x = l1 are free
(8a), (12).

The strains Tj  are related to the deformations u as fol-
lows:

111
1

11 )( θα
∂
∂

B
x

u
cxT T −= ,                                               (13)

222
2

22 )( θα
∂

∂
B

x

u
cxT T −= ,                                          (14)

311
3

13 )( θα
∂
∂

B
x

u
cxT T −= ,                                             (15)

x

u
cxT D

∂
∂ 4

4 )( = ,                                                            (16)

where 









+=

ES
ED

c

e
cc

ε

2
1 , cE is the coefficient of rigidity

of the piezoelectric.
At the harmonic excitation of sample surface by the in-

tensity modulated light
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the temperature and strain distributions in the sample looks
like:
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 Omitting cumbersome evaluations we shall write down
for the open-circuit voltage on the piezotransducer an ex-
pression obtained by the solution of the equation system
(1) - (7):
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where 
j

jk
υ
ω=  is the wave vector.

D41 coefficient is the complex constant which is in-
cluded in the common solution of the wave equation for
spreading the longitudinal bulk waves in the piezoelectric:
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 Cj1, Cj2 coefficients are complex constants which are in-
cluded in the common solution of the equation system de-
scribing the spread of the temperature waves in the sample.
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 D41 and Cj1, Cj2 coefficients were  determined substi-
tuting the common solution of the equations (1) - (7) in the
boundary conditions (8) - (12).

All other coefficients included in formulae are the inter-
mediate designations which were entered to avoid any
unwieldy calculations:
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Conclusion

 The main result of this work is the reception of the expres-
sion for an open-circuit voltage on a piezoelectric trans-
ducer contacting acoustically with the optically
nontransparent and thermally thick sample. It is obvious
that despite the apparent simplicity, the resulting expres-
sion (20) is rather cumbersome and inconvenient to deter-

mine on its basis the amplitude and phase of the
photoacoustic response that are really measured values.
However, it is the advantage that this expression is the most
full one among the solutions in literature for the case of
optically non-transparent and thermally thick samples. As
to its simplification in order to obtaine more compact ex-
pressions for both the spectral and frequency dependences
of the amplitude and phase of the photoacoustic response
as well as to develope the method for the determination of
thermal characteristics, the problems were solved in details,
for example, in [1, 5, 6]. The main task of this work was only
to obtain the solution for the open-circuit voltage which would
be perspective for the photoacoustic image processing.

Summary

Mathematical model of piezoelectrical detection of photo-
acoustic effect in opticaly semi-transparent  and thermally
thick solid objects with the undersurface inhomogeneity is
proposed for the case of free binding of a piezo-sensor in a
photoacoustic microscopy cell. The model gives an oppor-
tunity to estimate the influence of the undersurface defects
on the photoacoustic response as well as to take into ac-
count the contribution of this factor into the output signal
of the investigated objects.
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