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Nowadays it may be considered as well established that the
problem how to determine the effective (macroscopic) con-
ductivity (as well as other effective coefficients, such as
permittivity, permeability, heat conductivity, diffusion coef-
ficient) for a composite system can be reduced, effectively,
to determination of some topological characteristics of this
system. The beforesaid may be clearly demonstrated espe-
cially using a formalism proposed by Bergman [1,2]. In the
Bergman representation the effective conductivity of a two-
phase composite, O , is to obey the following equation:

- Bn
F(S)—Plgs_sn. (1)

Here, F =1 —5/02,S = (1_01 /02)_],01,02 are the
conductivities of phase 1 and 2, respectively; p; is the vol-
ume fraction of phase 1. The poles s =s,, correspond to
the resonant frequencies of normal (surface or interfacial)
modes of the electric field in a system; s,, are the so-called
depolarization factors. B, give the mode strength values. In
this case both B, and s,, depend on the composite topology
only. So the expression (1) makes it possible to separate
dependence of 0 upon the phase conductivities, on one
hand, and upon the composite topology, on the other hand.
Owing to the topological (configurational) fluctuations all
the poles in the expression (1) (with one exception — the
pole at s = 0) are, generally speaking, broadened. That is
why, instead of (1), its generalization in the form of an inte-
gral representation

1
F(s)= py <§ + %dr) o)
0

is often used [3,4]. Here the pole at s = 0 is set off; the
necessary topological information is contained in the reso-

nance spectral density function g(f). In other words, this
function gives, in a physical sense, a distribution of depo-
larization factors. This distribution is related to the geomet-
ric shape (topology) of the regions occupied with phase 1,
or to the surface mode spectrum. The coefficient 4 (also
known as the percolation strength) determines if percola-
tion occurs in the system. One can show (see, e.g., [5]) that
p1A=0/07. Hence if phase 1 is a conducting one, then
the condition 4 >0 means that the system is over the per-
colation threshold. In this case 4 may be considered as a
phase 1 fraction that contributes to the dc conductivity [5].
The representation (2) is supplemented also with the follow-
ing relationships known as the sum rules [4]:
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The expressions (1) and (2) have often been used in
actual practice (see, e.g., [6—12]). However, their wide use
involves a number of problems. The most essential of them
is that, broadly speaking, a general form of the function g(¢)
is unknown. Of course, one may determine this function
from an experiment, for example, from the reflection spectra;
the corresponding technique is discussed in [13]. Such a
determination, however, imposes heavy demands on experi-
mental data that not necessarily can be met.

The following spectral density representation basing
on general grounds concerning a behavior of the dielec-
tric response function for brine-saturated rocks was pro-
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posed in [4]:

g()=Ct™a-rc. ©)

Here the coefficient C may be found from [3] or [4], and
only one of the exponents b and e is independent. Thus the
representation (5) is actually one-parameter. Ghosh and Fuchs
[14] have proposed the following generalization of (5):

ac _
DT(t_tM)l Uty —1)P,
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gt)=[0<ty <t<tyy <L,a>0 ©)
%), beyond the interval
O

This representation introduces new parameters ( f>; and
thy ). Itis three-parameter since it contains three independ-
ent phenomenological quantities. They are topology-de-
pendent and can be found from experiment only. (Of five
parameters that enter the representation (6) two ones are
not independent because they may be determined using
the sum rules.) It should be noted, however, that the repre-
sentation (6), as well as (5), is based on some intuitive
considerations rather than on strict theoretical grounds.

In [15] an interpolation scheme has been proposed. In it
the effective permittivity of a binary composite at an arbi-
trary p may be represented as a result of interpolation be-
tween the two extreme points corresponding to p — 0
and p - 1. Later it was shown [16] that the final expres-
sion may be also obtained as a result of a linear interpola-
tion of the Bergman spectral function between two its
bounds that correspond to the limits of extremely low and
extremely high concentration of one of phases. Certainly,
these results are of limited utility because only one specific
composite topology is actually considered. However, they
lead to a rather apparent idea: to obtain a general expres-
sion for 0 using interpolation of bounds plus introduc-
tion of some additional topology-dependent parameters.

Here we propose another way of determining the gen-
eral form of function g(f) (and, as a result, also 0 ). This
approach is an immediate consequence of the theory on
bounds for conductivity (permittivity) of a composite [ 17—
20]. Its idea is very simple. It is parametric setting of a
domain of all possible (allowed) o values when its bound-
ary values are set.

Let us consider two pairs of bounds that are of most
interest. The first pair (for real values of g; and 0, ) has
been proposed in [17] as a result of applying the variational
approach. (It should be noted that these bounds may be
also obtained from the spectral representation (1) [1,2] if B,
and s, are treated as free parameters and the function F
extrema are sought.) Later in [18-20] an interpretation of
these bounds in the complex plane Re F-Im F has been
given, as well as some new bounds have been proposed. If
the conductivities 0y, 0, and filling factors py, p, for
both phases are known, then the effective conductivity of
a composite has to lie in a domain bounded with two arcs
(bounds). In the complex plane Re F-Im F these arcs are set
by the following parametric equations:
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F](l) (s) = P1 (7
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where the real parameters s; and s, are to meet the inequali-
. . 1 )

ties 0< 51 < py, py <55 <1.Theviewof F{" and F]
bounds in the complex plane is shown in Fig. 1. It should be
noted that the point 4 corresponds to the condition s; = 0,
while the point B corresponds to the condition s; = p,. Then
the movement from point 4 to point B along the bound
F](l) corresponds to sy changing from 0 to p,, while that
from point B to point 4 along the bound Fl(2 corresponds
to s, changing from p,to 1.

Another pair of bounds can be obtained under an addi-
tional requirement that a composite is either isotropic or of
cubic symmetry [18,20]. In the complex plane these bounds

also are arcs that are set with the following equations:
F(l) §) = ﬂ § =83
2 () SS_S3_p2/3 (9)

and

§ =84

. (10
(s=s54)(s=py/3)=2pr(1=54)/3

F{P(s) = py

In this case the point C corresponds to the condition s3 =0,
while the point D corresponds to the condition s3 = 2/3.
Then the movement from point C to point D along the arc
Fz(l) corresponds to the s3 changing from 0 to 2/3, while
that from point C to point D along the arc Fz(z) corresponds

to the s4 changing from 2/3 to 1.

ImF | B M

Re F 1

Fig. 1. Graphical display of bounds and allowed values regions for
effective conductivity in the complex plane F.
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Now let us try to find equations that any point lying in
a lune between F( ) and F( ) , as well as between F(]
and F (1 e., w1thm the domam ofallowed o values) has
to obey It is obV1ous that there are many solutions to this
problem. We would like to demonstrate how one can find
such equations using a rather evident fact: any point lying
on a line segment connecting a pair of the corresponding
bounds belongs to the above domain. (This statement is a
consequence of the convexity of bounds.) This means that
the region bounded with the pair of arcs (1)—(2) can be
represented through the following linear combination:

(11)

Here the weight parameter 7| sets a proximity to the left
(or right) boundary. It is obvious that in this case the in-
equality 0 <7 <1 is to hold. On the other hand, to com-
plete (cover) the region F} one has to made a 2D scanning
procedure. Let us introduce, instead of sy, s in the relations
(7)—(8), the only parameter

F(s)=nFV )+ 0=m)E2 (s).

g =3L=52"1
r2 P21

This parameter determines a proximity to the point 4 or
B. Then changing s; from 0 to p, and s, from 1 to p, (i.e., the
movement from the point 4 to the point B) will automati-
cally correspond to ¢, changing from 0 to 1. Thus the ex-
pression (11) gives a two-parameter representation for the
first region of & allowed values. The scanning parameters
are r and ¢, if one takes into account that s; = p,¢; and
sy =1+(py —1)g; =1- p;1q;. It should be noted that both
parameters, r; and ¢, have to lie within the interval [0;1].
The equation (11) may be also written in the following form:

(12)
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By =prq ,
1= piq

By = 1,50 = 0,51 =1= p1491,52 = pagy-

By analogy, for the second region of & allowed Values

one may write a linear combination of F, D and F, 2 4

Fy(s) = FD (s) + (1= F{P(s). (14)
If a parameter g, is introduced as

92 :%S3 =3(1-s4), (15)

then the equation (14) may be considered as a two-param-
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eter representation of the second region (/,) with param-
eters 1, and g, where 53 = =g, and s4 =1——g;. In this

case, when ¢, changes from 0 to 1, then s3 changes from 0
to 2/3 and s4 changes from 0 to 2/3. This corresponds to the
movement from the point C to point D. Having rewritten the
equation (14) in an explicit form through parameters r, and
¢», we obtain

3 Bll
FZZPIZ nn’ (16)
n:OS _Sn
where
" _ 2nq;
29, + py
B =_"2P2
2g,+
By =(1-r))x

1
S ~42)+3(p2 +3-42)7 =12y (1= 42)

\/(Pz +3-¢5)? =12p,(1-¢5)
By =(1-ry)(1-By),

X

B

" " 1
5o = 0,81 = 5(292 +p2)s

w10 0
55 —ggvz+3‘612+\/(P2+3‘612)2‘12P2(1‘Q2)E

1 2
=g%2 +3-¢q ‘\/(Pz +3-¢q5) ‘12P2(1‘f12)§

The equation (13) (as also (7), (8) and (11)) is applicable
to anysotropic systems. Generally speaking, it gives only
one of the diagonal components of the effective conductiv-
ity tensor. One can see that each of these components may
have three poles. The first pole (at s = 0), as was stated
before, corresponds to the so-called percolation mode and
characterizes occurrence of percolation in a composite. Two
other poles characterize intrinsic surface (configurational)
modes of a system. It should be noted that the term of the
type (s - so)” gives (with some constant factor) the dipole
polarizability for a spheroid whose depolarization factor is
5o [21]. Therefore, one may state that for a two-phase com-
posite the component of the effective conductivity tensor is
the same as for a system of equally orientated noninteracting
spheroids of three kinds (evidently, the electric field orienta-
tion along the spheroid rotation axis corresponds to the
above component). As could be seen, for two of these sphe-
roids the depolarization factors are not independent; they
are related by the expression:

N +ﬂS2 =1.

P2
The spheroids of the third kind (S(') = 0) are prolate nee-
dles (infinitive cylinders). Their presence is an evidence that
percolation through phase 1 occurs. Thus, consideration of
an actual composite may be replaced by consideration of

17)
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two (or three if percolation occurs) conventional polarizable
objects of spheroidal shape. (It is pertinent to note that the
well-known Bruggeman concept [22] deals with two
polarizable spherical objects.)

The equation (16) gives effective conductivity for an
isotropic composite. It contains four poles. So one can state
that for this composite & will be the same as one of princi-
pal components of the effective conductivity tensor in a
system of equally orientated noninteracting spheroids of
three (or four if percolation occurs) kinds. The depolariza-
tion factors of these spheroids, s, 55, s3, are related by
the following expression:

(18)

The spectral density that corresponds to the equations
(13) and (16) is of the form:

g0 = B,8(t=s,),

si' +2(s; +s; -1)=p,

(19)

where & - s,,) is Dirac delta function. However, as already
noted, actually a continuous mode spectrum shows itself. It
appears after averaging over macroscopic volume, so the
polesin (19) are broadened. This means that in real practice
it makes sense to deal with a generalization (19) that ac-
counts for this broadening. One can formally do it by chang-
ing &-function for some (close to it) function X(¢) with a

nonzero halfwidth A. In this case, evidently, a passage to
the limit lim X(#,A4) =9(?) is to be obeyed. One of the
A0

simplest examples is Lorentz function

A1
X(f,A):—ﬁ~ (20)
Tt + A

In this case integration in the expression (2) may be made
explicitly. Setting g(¢) = Z B, x(t-s,) and dropping out

the mathematics, we give the final result (that is a generali-
zation of expressions (13) and (16)):

2(3)

LONEIIV-S S A
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Here B, =B n Sy =S n for generalization of expression
(13)and B, = B; Sy = s',', for generalization of expression
(16). It should be also noted that A is not a new indepen-
dent parameter since it may be determined from the normali-
zation condition (3).

In conclusion let us make some remarks concerning ap-
plicability of the above approach. It is known that the ef-
fective conductivity is introduced when it is possible to
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consider an effective macroscopic (i.e., averaged over
vo-lumes whose size greater than the characteristic size
of nonuniformities) field. This condition becomes difficult
to attain near the percolation threshold where the correla-
tion length may become large and the system properties are
determined by scaling invariance. The above approach by
no means takes these things into account (though it seems
possible that it can be generalized in the necessary way).
On the other hand, we do not consider some size effects,
such as the Fuchs effect (see [23,24]) or Sandomirsky quan-
tum-size effect [25,26] when a characteristic length (say, grain
size) of a system becomes, respectively, of the order of
charge carrier free path or de Broglie wavelength. Of course,
electron scattering on interfaces (boundaries between
phases) may be of importance (especially when taking into
account dissipation). This effect, however, goes beyond
the above consideration. If should be only noted that a
formal account of size effects within the framework of our
approach may be reduced to changing the bulk conducti-
vity of a phase (phases) for some its modification.
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